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PREFACE. 



This work is intended especially for those candidates 
preparing for the Woolwich Entrance and similar examina- 
tions, who are already familiar with the easier parts of 
Algebra, as given in any of the elementary text-books, 
but are not equal to attacking the larger and more 
systematic treatises. I have endeavoured to make the 
selection of Theorems and Examples as interesting and 
useful as possible, and I have ventured, on account of the 
importance of the results, to give one or two proofs which 
are not as logically complete as might be wished. Those 
of the examples which are not original I have obtained 
from Army Entrance, University and School Examination 

Papers. 

L. MARSHALL. 

Chartkbhouse, Godalmixo, 1882. 
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COMPANION TO ALGEBRA. 



I.— ELEMENTARY FORMULiE AND RESULTS. 

Thb following formuldB in §§ 1 and 3-9 can be directly verified by mul- 
tiplication, and should be committed to memory. 

L (a±6)«=a«±2a6-f6«. 

Notice that (a - 6)«=(6 - a)l 

2. (a+b+c-^-d-^- . . .+ky= sum of squares of a,b, . . , k+twice 
the product of each pair, farmed by taking ea>ch term in turn with each 
of those that follow it. 

Proof. (a + b + c + d+ . . . +ky=(a + b + c+ . . . +k)* 

=o» + 2a(6 + c+ . . . +i) + (6 + c+ . . . +k)^ 



=a^ + 2a{b+ . . . +Jk) + 6» + 26(c+ .. . +k) + (c + d+ . . . k)^, 

and so on till we get the squares of all, the letters. 

It will be seen that this result may also be arranged in the following 
way: — 

(a+b+c+d+ . . . +ky==a*+(2a+b)b+(2a+2b+c)c+ . . . 

. . . + (2a+2&+2c+ . . . •^k)k 

e.^/a-2&+^-(pY=a2 + 46* + j + (i* + 2a(-26) + 2a. ^ + 2a{-d^) 

-46- ^-46(-d2) + c3(-(Z2) 

4 

3. (a±J)»=a»±3a«6-f-3fl*»±5». 

A 
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4. (a±&)*=a*±4a»&+6a«&«±4a6»+6*. 

5. (a+5)(a— 6)=a*— 6% ue. the product of the sum and difference 
of two quantitie8=the difference of their sqmres. 

e.g, (127)2- (123)2=(127 + 123)(127-123)=250x 4 = 1000. 

9c2 - 4(a - 6)2 = (3c + 2a - 26)(3c - 2a + 2&). 

(a-6 + c + («)(a + 6-c + («) = {(a + (Q-(6-c)}{(a + d) + (6-c)} 

=,(a + (Q2-(6-c)2=a2 + 2a<i + d2-62 + 2&c-c2. 

6. a»±6» = (a±5)(a«q=a6+6^). 

.,. «.|;.(..)..(D'.(s.4')(^-?f!4> 

7. a*+a«6»+6*=(a»+a6+6«)(a«-a5+6«). 

e.^. a;8 + Jc*+l = (a^ + a2 + l)(JB*-a;*+l) 

= (a;2 + a; + l) (a;2-a; + l)(x*-a;2 + l). 

8. a«+6«+c» — 3a5c=(a+Z>+c)(a«+6«+c«— 6c— ca— aZ>). 

9. (a;+a)(aj+6)=a;« + (a+6)a;+a6. 
(a;+a)(a;+6)(aj+c)=a;» + (a+6+c)a;«+(a6+ac+6c)a;+a6c. 

(aj+a)(aj+6)(aj+c)(a;+^=a;*+(a+6+c+(i)a;» 
+(a6+ac+(M?+6c+6rf+crf)a;«+(6c(^+aa?+a6t^+a6c)a;+a6c(Z. 

Notice that the co-efficient of x in the last fonnula is obtained by 
leaving out each letter in turn. 

,^. L + |)(a; + l)^x2 + -|x + -i-; («V-xy-12)=(xy-4)(a:y + 3) ; 

(x + l)(a; + 2)(a;-3)=a3+(l + 2-3)x2 + (2-3-6)x-6=a;3-7a;-6. 

10 ?_ilL=a^-i— a;'*"*y+a^"*y'— . . . +y^''^i when n is o^fo?. 

n ti 

^ ""y ^/pn-i— /KT>-8y+3i^-y~ . . . — y**-^, when 71 is ^«7i. 

^ ~"y ^.a;n-i^/yn-ay.j-/BW-8ya_[. , ^ . +y»-i, when w is either 
^■"3^ 0(^(^ or everi. 

The last three formulae may be stated otherwise, and proved by induc- 
tion thus : — 

e.g, oj^+y** is divisible by x-^y when n is odd. 



e 
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For — ~- =s a!*~^-a5*"*w + — — • y' by actual division ; there- 

x+y ' x+y ^ ^ ' 

fore, if a^-^+j^"* is divisible by x + y, so also is a!* + y*, but we know 
(§ 6) that x' + y* is divisible by x + y, therefore x* + y* is also, and so by 
induction is x» + y* when n is any odd integer. 
These results are most easily remembered by the simple cases of §§ 5, 6. 

11. The following important results are proved on the suppo- 
sition that the quantities a, 5, c, (^ are all positive, and that 
a>b, h>Cy od. 



(A.) To prove (i.) a-|-(ft— c)=a+ft— c ) 
and (ii.) a— (ft— c)=a— 6-f c J 



(L) To get a+(b—c), we have to add (h-e) to a. Now, if we add h 
to a, we get a + 6, but we should have added c too much. Therefore 
for the true result we must subtract e ; we thus get a-{-{h-c)=:a+h-c. 

(iL) To get o - (6 - c), we have to subtract (6 - c) from a. Now, if we 
subtract b from a, we get a -by but we should have subtracted c too 
much. Therefore we must add c to the result : we thus get a-(b—e) 

Similarly, a+(b + c)^a + b + c ) 
and o - (6 + c) —a - 6 - c ) 

(B.) To prove the Law of Signs in multiplication, i.e, that 

(a— ft)(c— e?)=ac— 6c— (M?+M. 

Put a - &=3f, then 3f is a positive quantity, *.* a>b by supposition. 

.-. (a - b){c - d)=M(e - d). 

Now, to get JIf multiplied by (c - <Q, if we take Mc, that is M multi- 
plied by c, we are multiplying by c instead of c—d, that is by d times 
too much ; therefore, to get the true result, we must subtract JIf multi- 
plied by df t.e. dM, 

Therefore M(c -d)=eM-dM 

.'. (a - 6)(c -d)=c(a-b)- d{a - b) 

= {ac- be) - {ad - bd) as before 

=ac-bc-ad + bdhj (A). 
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EXAMPLES. I. 

1. Prove that a«(6 + <?)« + }^{p + a)2 + c*(a + 6)« + 2a6c(a + 6 + c) 

=2(6c + ca+a6)*. 

2. Find the cube of «+ 6 + c^ and deduce that of a - 6 - c. 

3. Prove that 

4. Divide 9a2 + 6a6 + 62-4c2-4c(2-(«2 by 3a + 6-2c-d 

5. If «= — g — ^, prove that 16«(« - a)(« - 6)(« - c) = (a + 6 + c)(6 + c - a) 

6. Find the continued product of sc^ + a + 1, x^ + a; - 1, and 

7. Find two fiEu;tors of »*• - y^ where m, n are positive integers. 

8. Divide (jc* - ya)' + Sy'aj^ by sc'^ + ^ 

9. Show that 

a+o-c o+c— a c+a-o ^ ' 

10. Divide (x^ + ^V - 8 by U - -| V. 

11. Besolve «* - ( a )« - 1 into two feu^tors^ and 

(a;* - 3x)2 - 2(a^ - 3a;) - 8 into four factors. 

12. Prove that ^^^=a*-a(a3-x{a2-x(a-a;)}]. 

x + a 

13. Write down the quotient of 16 - 81a* divided by 2 - 3a. 

14. SimpUfy (6 - cf + (c - a)» + (a - 6)3 - 3(6 - c)(c - a)(a - 6). 

15. Find two factors of x* - y^ + 1 + Sa-y. 

16. Prove that a(a + l)(a+2)(a + 3) + l = (a2 + 3a + l)2. 

17. Divide 1-6X + — x3-2^--x6byl-x-J^x*.• 
18. Multiply together (x + a - 6) (x + 6 - c) (x + c- a), collecting in 

brackets the co-efficients of the powers of x. If a - 6=6 - c, express the 
result in terms oix^a and 6 only. 
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19. Simplify a(6+c)«+6(c+a)*+c(a + 6)*+(a-6)(6 + c)(a-c) 

+ (6-c)(c + a)(6-a) + (c-a)(a+6)(c-6). 

20. Divide (x+y)*+ («+x)'+(y+»)' + 2{x + y) (a;+a) + 2(y + »)(y + a) 

+2(«+x)(«+y) by x+y + j. 

21. Multiply 

(l + x+2z«)«-(l-x-2a?)«by(l + x-2a?)«-(l-x+2a:«)«. 

22. Divide »*-2fc«»-(a*-6«)x* + 2a*Ja-aW by «*-(a + 6)x+a6. 

23. If x»& + c~a, y=c + a'5, and2sa + 5— e, find the valae of 

x* + y*+a»+2y8+2aa;+2xy. 

24. Divide (ac + 6(i)'-(a<i+6c)» by (a -6)(c-(i). 

26. If 2«=a + 6+c, prove that («-a)' + («-6)»+(«-c)3+3a6c=«*. 

26. If-4=a*+6»+c», and 5=6c + ca+a6, prove that -4»+aB»-3^-B» 

27. Express o^c - 6) + 6^(a - e) + e^(5 - a) as the product of three simple 
factors. 

28. Divide (m+l)(6x + ow)6V-(n+l)(iii6x+a)a*by 6x-a. 

29. Find the product, and the sum of the squares of the expressions 

ax + by, bx-ay^ ay+6x, and by-ax, 

30. Multiply {(x« + X + l)a - (x + 1)} by {(x - l)a« - (x - l)a + 3}. 

31. Divide (x^ - 3xV)' - (3xy« - jrO* by (x - y)\ 

32. Find the simple trinomial factors of (x' - y' - 2^^ - 4yV. 

33. Find the quotient when x*-(6-a-c + d)x' + (ac-a6-(Mi-&c + 
&<2-6(Qx^+(a6<2-a^-ac(2 + &<xQx + a6c(i is divided by the continued 
product of x + a, x-6, and x + c 

34. Find the product otm-n-p-q, and m+n+p + g. 

35. Find the fsu^tors of x* — 2nix + (m* - n*), and of 

(x-y)(x»-a2)-(x-2)(x>-y«). 

36. Find the continued product of — 

x + 3y, x-5y, andx4-4y ; 

also of x + 1, x-2, X— 3, andx + 4. 

37. Multiply together x + —, x - — - and ^--^' 

2 o 

38. Ee«,lye«»-2L a, for as posable into rational foctor,. 
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39. Divide 2a^3? - 2(36 - 4c) (6 - c)y^ + ahxy by oa; + 2(6 - c)y. 

40. Simplify (6 -c){x + b){x + c) + {c- a)(a; + c){x + a) 

+ (a-6)(a; + a)(a; + 6). 

41. Simplify a(6-c)(6 + c-a)« + 6(c-a)(c + a-6)«+c(a-6)(a + 6-c)*. 

42. If x + y + «-l= V2(l-x)(l^)(l^»), 

prove that oc^ + y^ + a?- 1 + 2»yi8=0. 

43. If (6 + c)a5=a, (c + a)y=6, (a + 6)»=c, 

prove that yaj + ac + xy + 2icya;~ 1. 

44. Multiply (x + y + 2^x + y + 4) by (x + y-2Va; + y + 4). 

46 Prove 2n(2n - l)(2n - 2) (2n)«(2n - 1) (2n)g(2n + 1) 

1.2.3 1.2 "*" 1.2 

2n( 2n + l)(2n + 2) ^ 

rx3 ""• 

46. Find the difference between the squares of 3503 and 3497. 

47. Simplify the expression 

16a; - 10 - [7 - {8a; - (9a; - 3 - 6a;)}], 
and find the least integral value of x which will make the result negative. 

48. Multiply the square of the sum of the cubes of a and 6 by the cube 
of the sum of their squares. 

49. If(a + 6c)2(l-a«) = (6 + ac)2(l-62),provethata2 + 62 + c* + 2a6c=l. 

50. Find the algebraical expression which, when divided by a'+x- 1, 
gives ix^ - 3a;* + 4a; - 7 for the quotient and 1 Ix - 7 for the remainder. 

51. Find the continued product of x + 1, x + 3, x - 2, and x - 4. 

52. Find (2a + 36-^--|- + e)2 and (a + 6 + c + d)s. 

53. If 2«=a + 6 + c, express («-a)'+(«-6)*+(«-c)2 + »' in terms of 
a, 6, c 

54. Divide 4a(a + 6 + c) + 106c - 3(6* + c^ by 2a + 36 - c. 

55. Write down the quotients of x* - y* when divided by x + y and x-y ; 
and of x^ + y* when divided by x + y. 



56. Simplify a[b - c{d - e(/- g,h - i)}]. 

57. Find the difference between the squares of 2049 and 2051. 

58. If ,=^±i±f, prove that (6-c)(ji-a)«=»2(6-c)-a(62-c2). 
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59. Simplify x» + (x + y)»+(x-y)»-3x(a;«-y2). 

60. From {m(2m - 3p) - 2n-(4n - 3p)}a5 + {m(jj - m) -|>(2» +|>)}y 
take 3 \^\^n - ^) - ^(2m - 3/))}x - {j)(|> - m) + 2»(2w +y)}y ; 

and find the value of the difierence when a:=n»-— , |^=m= - 2. 



II.— G.C.M. L.C.M., ETC. 

1. Definitions, — One number or quantity (F) is said to measure 
another (A) when it divides it without remainder, i,e. is Si factor of 
it, so that A=aP, In Arithmetic Ay a, F, are necessarily whole 
numbers. The greatest number or highest quantity which 
measures two or more numbers or quantities is called their 
Greatest Common Measure (G.C.M.), their Highest Common Divisor 
(H.C.D.), or their Highest Common Factor (H.C.F.) 

Again, if A=saF, A is said to be a multiple of F, The least 
number or lowest quantity which contains two or more others as 
factors is called their Least Common Multiple (L.C.M.) 

2. Let F measure both A and J5, then by (1) A^kF and 
B=IF. Therefore mA={mk)F; .*. F measures mA. And 
mA zfc nB=mJcF zfc nlF={fnk ± nTjF ; r, F measures mA zfc nB. 

Therefore (i) if one quantity measures another, it also measures 
any multiple of it ; and (iL) if one quantity measures both of two 
others, it also measures the sum or difference of any multiples of 
them. 

3. To prove the rule for finding the G,CM, of any two expressions 
A and B, showing how factors may be introduced or rejected in the 
process. 

Arrange A^ B according to descending powers of any common letter. 
If necessary multiply one of them (say A) by a, which must not be con- 
tained in B, 80 that the product Aa when divided by B may give a 
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quotient with an integral co-efficient. Divide as shown, and if possible at 
any step divide out the remainder by any factor which is not contained 
in both A and B, The last remainder D will be the required G.O.M. of 
A and^. 
B)Aa(p Then •/ C—rD, /. D measures (7, , 

pB ,\D measures D + qC^ i,e. B [see § 2] ; 

c)G , \ D measures c(7 +pB=' G+pB^ aA ; 

C)B{q .'. D is a CM. of aA and JB, and .'. of A and B ; 

q(y ',' a contains no measure of B. 

D)C{r Next, whatever measures A and B must measure 

tD a a "pB, i.«. 0, and .*. must measure (7, for c contains 

no CM. of A and B, Therefore whatever measures A and B must 
measure B-qC, i.e, D; but nothing greater than D can measure D, 
.'. D is the G.CM. of A and B. In the same way as a is introduced 
at the first step, so any remainder may be multiplied by a quantity 
which is not contained in either A or B. 

If we divide or multiply hoih A and B by the same quantity (p) so as 
to get A^ and B^, then from first principles it is clear that the G.CM. 
of A and B is found by rmdtiplyiv^ or dividing that of A^ and B' by p. 

4. If we have simply to prove the rule for finding the G.CM. of A 
and B when no divisions or multiplications as above are made during the 
process, the proof will be of the same kind and the division as follows : — 

B)A{p 
pB 



First we prove that D is a CM. 
of A and B, and then that it is 
the G.CM. 



0)B(q 
qC_ 

D)C{r 
rD 



5. To find the O.CM. of more iJum two quantities. 

Let A, B, G be any three quantities. Let g be the G.CM. of A and B. 
Then g contains the highest factor common to both A and B ; and if G 
be the G.CM. of g and 0, it will clearly contain the highest factor 
common to both g and 0, and therefore to all three A, B, and G. There- 
fore G is the G.CM. of A, By and 0. 

The same rule can clearly be extended to any number of quantities. 

6. In finding the G.CM. of two expressions which begin with high 
numbers, it is often convenient to get rid of the terms at the right-hand end 
first. Thus to find the G.CM. of 126a;* - 56a; - 25, and 162a;* + 63a; + 5. 
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162x^ + 63a; + 5 
5 

126x^ - 65x - 25)810x^ + 315x + 25( - 1 
-12^+_55x + 25 

4g )936g» + 260g 

13 )234c+66 

18a; + 5)126x» - 55x - 25(7x - 5 
126as^-H35g 

-90fl;-26 
--90X-25 

7. It is often advisable to get rid of neither first nor last terms, bat to 
get a remainder of a simpler form thoagh not of a lower degree. 

e,g. To find the G.C.M. of ITx^ -33x«4-x-6, and 18x»-35a;»-4 
17x»-33»«+x-6)18ar»- 35x2-4 (1 

17x'--33x'+x-6 

x»- 2x'-x + 2)17x»-33x»+ x- 6(17 

17x»-34x»-f 17x4-34 

x» + 18x-40 
etc. etc. 

and in the nsnal way the G.C.M. is found to be x - 2. 

8. Let G and L be the G.C.M. and L.C.M. respectively of 

A and B, Then A=saG, B=bG where a and h have no C.M. 

Then \'L most be divisible by both A and -B, 

AB 
,\ LssahG=aBs=bAs=-—-; and .*. LG^AB^ ie, the product 

of any two quantities =s the product of the L.G.M. and G.C.M. of 
the same. 

9. If we can resolve A and B into factors, their G.C.M. and 
L.C.M. may be written down at once. 

e.g. Let^=x*-l=«(x-l)(x + l)(x2 + l), 

and J5«x' - 6x + 4=» (x - l)(x - 4), 

then 6?— x-1, and i— (x*-l)(x-4)=x*-4x*-x + 4. 

The same method will apply for finding the G.C.M. or L.C.M. 
of more than two expressions, if we can resolve them into their 
factors. 
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10. Conditioiis for a divisor, 

Ex. L Find the condition that 2*— 3^'x+2<:* may be divisible 
by 2— a, whatever may be the value of x. 

Divide out and equate the remainder to zero. 

(a«-36«)x + 2c» 

.*. the required condition h& that a' - 3a^ +20^=0. 

Ex. iL Find the conditions that 2*— 36'x+2(;' may be divisible 
by both «— a and x—h» 

Proceeding as before we get the two conditions a' - 3a^+ Se'sQ, and 
Sf- 2c'=0, which are satisfied by a=h=c^ or - a»2&=2e. 

Or t^iw, if we divide out by (x - a)(» - 6), *.«. x* - (a + 6)x + oft 

x*-(a + 6)x4-a6)x'-36^ + 2c'(x + a + 6 

x* - (a + 6)x* + abx 

(a + 6)x*- (36« + a5)x + 2c» 
(o-f5)x^-(a»-f 2aft + y)x-Ha'& + oy 

(a« + o6-26«)x + 2c'-a«6-a6« 
.-. (a* + a6-26')x + 2c'-a'&-a6*=0 for all values of X, 
.-. a* + oft - 26'=0, and 2c' - a*6 - aft'=0, 
which are also satisfied by a—h=c^ or - a»25='2c. 

[These last two examples may be worked by means of § 2, p. 112.] 

11. If ■j-='j- where a, b, c, d are all integerSy and c, d have no 

d 

common factor ^ so thai the fraction -^ is in Us lowest terms : then 
a=nCy b:=nd when nis an integer. 
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For •.* -i-=-j- /. a=-^/. -^ is an integer /. d must divide hc\ but 
a da 

by supposition d and c have no common factor \ ,\ d must divide h, 

and .'. h=nd, and consequently a=7ic where n is some integer. 



EXAMPLES. II. 

1. G.C.M. of x3-8a; + 3anda;' + 3a;* + a! + 3. 

2. 6. CM. of jc* - a* and x* + a^x-aa^- a*. 

3. G.C.M. of a* -pa? + (g^ - 1)^^ +px - g 

and ac* - qoc^ + 0?— !)«* + jaJ -j?* 

4. G.C.M. of a;* - 2p(p - g')a;2 + (p* + g'2)(p - q)x-py 

and 05* - ( j? - g)a:' + Q? - 2)g'^a; - 2*. 

5. G.C.M. of a{a - l)x^ + (Sa^ - l)a; + a{a + 1) 

and (a2-3a + 2)a;2+(2a2-4a + l)a; + a(a-l). 

6. G.C.M. of 3a;3- 22a; - 15 and 5«* - 17a;8 + 18a;. 

7. G.C.M. of 20a;* + a;2_ i ^nd 25a;* + 5a;3 _ 3. _ i, 

8. G.C.M. of a;3 _ i2a;2 - 50a; + 75 and a;3 _ iq^ + isa; - 45. 

9. G.C.M. 7a;* - lOaa;^ + s^V - 4a3a; + 4a* 

and 8a;* - 13aa;3 + 5aV - 3a^x + 3a*. 

10. G.C.M. of 3x*-4a;3^.i and4a;*-5a;3~a;2 + a; + l. 

11. G.C.M. of 4a;* - 13a;V + 9^* and 10a;* + 233;^^ _ 28a;y3 _ 15^4^ 

12. G.C.M. of Gst^ + 7a;2y - 22xy^ - 5y^ and 15a;3 _ X4a;2y - ISmyy^ - 2y^ 

13. L.C.M. of a;» + 8 and a;* - 16. 

14. L.C.M. of a2 + b% €? - h\ a' + a% + ah^ + 63 and a^ - d^h + ah^ - 63. 

15. Express by four trinomial factors the L.C.M. of 

(» + 2y)2-9a2, (a; + 3»)2-4y^ and (2y + 3«)2-a;2. 

16. FindtheL.C.M. of a;* + x*y + a;3y2 + a.iy + ay + y6 

and a;*-a;*y + a;y-a;y + ar2/*— y*. 

17. L.C.M. of 2x - 1, 6a;2-a;- 1, and Sx^- 10a; + 3. 
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18. L.C.M. of a;2 - 6ax + ^a\ a^-ax- 6a«, and 3a;' - ISal 

19. L.C.M. of 21a;(xy-yV 35({K*y2«a;y), and 15y(x2 + jcy)«. 

20. G.C.M. of 8a^ - 55x5 + 3, and 3a;* - 65x2 + 8. 

21. G.C.M. of 17a;' + 2a;2y + 2xy«-15y»and 15a;3_2a;«y-2xy«-17y». 

22. G.C.M. of 2x« - 1 1x2 - 9 and 4x6 + 1 Ix* + 81. 

Reduce to their lowest tenns the followiDg fractions : — 

23 3x'-(4a + 26)x + a2 + 2a6 
* x3 - (2a + 6)x2 + (a2 + 2a6)x - a^b' 

o. 6a2-l3ax + 6x2 , 3x2+8x-3 

24. ,n^2 n^^ n^ ; 8^^ 



10a2-9ax-9x2' 3x2-10x + 3 

• (a^ - 62) {x' + y2) + 2(a2 + 62)xy' 

^^•?Sr:^'^^x6?/^+^- 

27. 



28. 



ac + hd + ad + hc 
af+2bxV2ax + hf 

12x* - 4ax3 - 23aV + 9^83; - 9a* 



8x* - I4a^x^ - 9a* 



29. Prove that ^:i^K^)=i when , ^f, f^^ is substituted 

(x-c)(x-a) (a + 6)-(c + a) 



for X. 



X + 3 X + 4 

30. Subtract -5 — from -^ — , and divide the result by 

x2 + x-12 x2-x-12' "^ 

1, 2(x2^12) 
x2 + 7x+12* 

32. Ifx-a+J + ^^^, and y=£±^ + -^, prove that 

4(a + 0) 4 a + 

(x-a)2-(y-6)2-62. 

33. Prove that x(y + 2) + — + -2.is equaltoa,if x=-i^-andy=?^. 

y X y+ 1 2 

34. Reduce to its simplest form 

(x~y)(y-g) + (y-z)(g-x) + (g-x)(x-y) 
x{z-x)+y{x-y) + z{y-z) 
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35. Prove that * 



(c-a)(a-6)(» + a) (a-6)(6-c)(» + 6) 
c X 



(6-c)(c-a)(a; + c) (x + a)(x + 6)(a; + c)* 

— -^-j^ — I as a single fraction with a numerator 
composed of four fsustors. 

37. Simplify ,4l-JTl^ i .4l-.-Tl-^ra- \ 

38. G.O.M. of (i.) x2» + 2/»-22c + 2jc«2^ and a:2a_y25+j5&+2x«2«; 
and (ii) of lla:*-9aa;3-aV-a* and 13aJ*-10aa;3-2aV-a*. 

40. H.C.D. of a3 + a% -ab^- ¥, a^ - 2a^ - ab^ + 263, and a^ - 3<i62 + 263. 

41. H.C.D. and L.O.M. of 6x^-5ax- 6a2 and 4x3 ^ 2ax2 - da\ 

42. Simphfy (a.) ^^^+^.^^^; 

43. Find the H.C.F. of x^ - ISox^ + 48a^ + 64a3 and x» - lOox + IGa* ; 
and of 21x2 + 38x + 5 and 129x2 + 221x + 10. 

^ ^^°^p^ ?diT2-i^:ir3"*-xsir6- 

45. Bedace to their lowest terms the fractions 

,. X (2x2 + 5x + 2)(x3--3x2-g + 3) , , .... S3i?''f + 2*J:^+\^xyz 
^^•^ (x3 + 6x2+ 11x4-6X2x2- x-1)' ^ ') 2X-1/ + 32 

46. Simplify the fractions : 

2a2 + a6-62 



(i.) 
(ii.) 



a^ + d^h-a — h 

X 1 x(x2 + 3) 

(X-1)2 (X+l)2 (1-X2)2' 



.... V ( (1 + 6x6 + ax ) . ( a + 6x 6 + ax^ 
( a - 6x 6 - ax ) ( a - ' 



6x 6 - ox ) 
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47. Find the Least Common Multiple of — 

7?-y^,a^ + y^ and ac* + st^y^ + y*. 

48. Find the Greatest Common Measure and Least Common Multiple 
of— 

(i.) (2a« + Sy*)x + (2x2 + ^2^y^ ^^ (2x2 - 3a^y + (2a2 - 3v«)x ; also 

(ii.)ofic3-7x + 6, x3_2a;2-5x + 6,andic3 + 4x2^.a._e^ 

49. Simplify— 

r\ I 1 3 J /.. X x^-41x-30 



6m-2n 3m + 2n 6m + 2n x*- llx2 + 25x + 25 

50. Divide— 

33-x2 



/ 3x + x^ ^2 , 9^_ 



3x2-1 '' 3 2(x2-H3 ) 

X3-3X X2 (X3-X)2 

51. Reduce to their simplest forms — 

,;x 3x2 + 2x + 4 x + 1 2 , , /.. V x + y 2x ix^-a^y 

52. Find the condition that x' + ax2 + 6x + c may be divisible by 
x2 + 2x + 3 for all values of x ; and that x' + 6x2 - ax + 6 may be divisible 
by both X— 2 and x— 5. 

53. Eeduce to their lowest terms — 

f. V x8 + xV + x2y + y8 . , .... x3 + (a + 6)x2+(a6 + i)a; + 6 

54 Prove that ^,+ (^, + ^^^^ 

...S,.p«^(^->)(^-.).(f-.)(,^0^-,). 

56. Find the condition that x^ + 7x2 + ax + 6 mgy \^ divisible by both 
X + 3 and x - 2 for all values of x. 

57. Find the G.C.M. of 3x3 - 22x - 15^ 5^4 . 17^4 + isa;, 

andx^-3x*-x + 3. 



EVOLUTION. 15 



58. Find the H.C.D. of IQa^ - 33x2 _ 93. _ g and Sla^ - 39x2 - 3x - 6. 

59. Find the condition that x* + 4x2 + 4x + J and x^ + 5x + c may have 
a common factor of the form x + a. 

60. FindtheL.C.M.ofx3-3x2 + 3x-l,x3-x2-x + l,x*-2x3 + 2x-l, 
andx*-2x8 + 2x2--2x + l. 



III.— EVOLUTION. 

1. To find a Square Eoot use the following standard 
example :— 

a« 

2a +i) 2a5+6« 
2aft+6« 

Ex. (i.) Find y(fl:*+8««-64a;+64). 

x* + 8x3-64x + 64(x2 + 4x-8 

X* 



2x2 + 4x) 8aJ 

8x3 -H 16x2 
2x2 + 8x-8)-16x2-64x + 64 
-16x2-64x4-64 

Ex. (il) Find V421521961. 

42i52196i(20531 
4 



405) 2152 
2025 

4103) "12719 
12309 



41061) 41061 
41061 



2. The reason of the above method is seen by consideration of 
the inverse operation of finding the square of a given polynominal. 
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It has been already proved (i. § 2.) that (a+i+c+i+ . . .)*= 
a«+(2a+i)i+(2a+2i+c)c+(2a+2i+2c+(i)i+ etc. . . . Thus, 
if we stop after any subtraction in the operation of finding the 
square root, we have taken away the square of that part of the 
root then obtained. For a«+(2a+6)6=(a+6)% a* + (2a+J)J + 
(2a+26+c)c=((i+i+c)*, etc. Hence when there is no re- 
mainder left, we have found an expression whose square is 
equal to the given expression. 

3. When — is a small fraction V'a* + aJ=a+^ very nearly. 

But if ^ is small fraction, \k-\ ^ still smaller ; 
.'. a* + X + (^ j —€? + X very nearly. 
.*. Va«+a;= a + ^ very nearly. 

t,q, >/26= ^/6M^[=5 + 2^=6•l nearly. 

If a/26 be got by the ordinaiy method, its yalue is 5*099 . . . 

4. When n+1 figures of ViVhave been obtained by the ordi- 
nary method, n more may be obtained by division only, if 2n+l 
be the whole number. 

For if */N=a + x where a, x contain 2n + 1, n digits respectively, then 

— — r_=a;+__ and --is a proper fraction, for xis<10* and 2a is>10*»: 
2a 2a' 2a ' 

.*. X, the part required = the integer contained in the improper fraction 

2a 

e.g. V421521961 = 20500 + x ; 

. iV--a«_ 1271961 _ 961 3^ c r ^ g 

• • 2a - 41000 ^^1000' ®^ ^^ ^' ^• 

.\ x=31, and .-. ^421521961 = 20531. 
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5. To find a Cube Soot use the following example :— 



da+& 



3a« 



3a*+3a5+i>* 



a» 



Ex. (i) Find 

»/(iC* — GflKr* + 21a*ic* — 44a»ir» + 63a*x» — 54a*a;+ 27a*). 

3x*-2aa; 3** 

3a:*-6ax»+4a*x* \ 
4a V) 

3««-6aa;+3a* 3a!*-12ax»+12aV 



+ 9aV-18a^ + 9a* 



3a^ - ISoic^ + 21aV - ISa^x + 9a* 
a;' - 6aa^ 4- 21a*t* - 44aV + 63aV - 54a*« + 27a* 

- 6005* + 21a*a^ - 44aV 
-6aa* + 12aV~ 8aV 

9a V - 36a3«» + 63aV - 64a»x + 27a« 
9o*t* - 36a V + 63a V - 54a«ic + 27a« 



(x*--2aac+3a* 



Ex. (ii) Find J>/U0851 500427. 



152 



15603 



7500 
304 ) 

7804 > 

siTaoooo 

46809 
81166809 



140851-500427(52*03 
125 

15851 
15608 



243500427 



243500427 



6. The following numerical results are important; for proof, 
see pp. 39-41. Imaginary results are rejected 

s^N^VUW. eg. >y625=>y±25=±5. 

X/N:= iJlj^ or MljW. e.g. .v^4= v^^or V±8=±2. 

i/N=^ ^1/WoT ^~W. e.g. >v^656r= v'±9 or .^ db81=±3. 

B 
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EXAMPLES. III. 

X Sx* 1 

1. Findthesqawrerootof X*-— -+^ + rg-2x'. 

2. Find the cabe root of l-6a + 21a'-44a» + 63o*-54fl5 + 27a«. 

3. Find the fraction in its lowest tenns which is the square root of 

l + 4x-2g»-12x»+9x* 
l-4ac + 6ai?-4x*+a^ 

64 64 

4. Find the square root of x*+8x + -j. 

X x^ 

5. Find V379-503424. 

6. Find the cabe roots of the foQowing ezpressifms \-^ 

,.. V a» 8 2 1 
(^> 8-^27i*''3i? + T- 

(iiL) x»-12x«+64x-112 + ^-^+^, 

7. Find the fonith root of 

16j^ - 96xV + 216aV - 216x^ + 81/. 

8. Find the square roots of the following numbers : — 

■00616225 ; 30470400 ; 77"0884 ; 6320-25 ; 1-0404612009. 

9. Find the cabe roots of the foQowing numbers :— 

994011-992 ; "337153536 ; 53157376 ; 78402752 ; 
29503629 ; 525557943 ; 676836152 ; 502459875. 



10. Rndthesqnareroot of x«+j^ + x- — - J. 



11. Find the fourth root of 

fi.) 4aV + (a« + ft«)«+4a6(a« + 6«), 

and the cabe root of 

(ii) i«-6x*+l&c*-a>x»+16x«-6x+L 

12. Find approximate values <rf the square roots of 145, 167, 226, and 
30| by the method ctf § 3, p. 16. 
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13. Find the square roots of 

(L) a:* + 4aae5 + 2a«x» - 4a^ + a* ; (iL) o^ - 22x* + 34aS + 121a:* - 374a; + 289 ; 

and (iii.) fl5* + 6fl5y + 4a»+12y» + 9y' + 42;'. 

14. Simplify ^{x» + -^ + 2(x-l)-l|. 

15. Find the square roots of the following numbers by the method of 
§ 4, p. 16 ;— 

104142025; *302133924. 

16. Extract the square root of — 

jc^ 3a^ 25^ ^ J_ 
16"^ 16 64 "^8 "^ 4' 

17. Simplify V4y2 + 24ay* + 36x2y2 ^ "/x + 9x + 27«« + 27a». 

18. Find the square root of 

(««-3x + 2)(a?-4a;+3)(x*-5x + 6). 

19. Simplify Vi^^F V^+F 'JW^ %^a* + a«6«+6*; 

and V(«*+6xy + 4a»+12i/»+9y' + 4»'). 

20. Extract the square root of 



0,3 20g; 9y' 15y 4g« 
7 7y 16a;* 2a; 49y«" 



IV.— EQUATIONS. 

1. A Booi of an equation which contains one unknown quantity 
is any quantity which when substituted for the unknown quantity 
in the equation makes the two sides equal to one another. 

«.gr. 2 is a root qIt? -ho^ -^-Ix^^x-^ for 8-20 + 14=6-4. 

2. If a term be taken from one side of an equation to the 
other its sign must be changed. 

For if equals be added to or taken from equals, the wholes or 
remainders are equal. Thus if A±B^ C, then A±B:=pB:= OipB, 
i,e, A=:C^B. 
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Similarly, like terms may be struck out from the two sides of 
an equation, and the two sides may be multiplied or divided by 
the same quantity or raised to the same power. 

3. In simultaneous simple equations if the roots are determinate 
there must be as many ind^endeni equations as there are unknown 
quantities. 

It is often convenient to solve for ... instead of x, y . . . 

5 6 
e,g. Solve — | — =1 and 5x+^^3By. 

X y 

y 

and.*, y a 11 and x^ 11. 

4. A quadratic equation aa;'+&i^+<^=0 cannot have more than 
Iwo roots. 

For if possible let the equation have three unequal roots a, fi, y, then 

by§l, 

aa*+6o+c=0 




aa'+fto+c=o^ 
a'^ + hy + e^O) 



ly^ + by 

,*. aCo'-^*) + 6(o-^)«0 ; and *.• a and ^ are by supposition unequal, 
a - /3 is not equal to zero : we may therefore divide out by a - /3. 

Thus a(a + ^) + 6 = 0) 
Similarly aOS + y) + 6=0 J 
.'. a(a + y)*«0 by subtraotion ; 
but a does not —0, .'. a-y=0, .'. o=y, which is contrary to hypothesiB. 

To find the two roots o, )3, we proceed as follows : — 

Take the constant term across and divide down by the co-efficient of «*. 

Thus »- + ^Xaa, - —. Complete the square of left-hand side : 



a a 



„ b /co-efficient of x\ a ^ ^/b\* b^-iac 

*-^-^+w^y =-4?- 
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Take the square root of both sides (p. 1, § 1} : 
x+ — -s= X , . .«= ,anap = . 

6. Therefore, in the equation aa;*+ia;+c=0 

(i.) if ft* >4a(j, then a, )3 are real and different^ 
b*=4:aCf „ „ r«a^ and «$uaZ, 

ft*<4ac, „ „ imaginary Bikd differerU. 

(ii) if &=0, a and )8 are equal, but of opposite signs and are 
imaginary, unless a and c have opposite signs. 

(iii.) If a=0, P is infinite and a is of the indeterminate form ^, 

but by referring to the equation Ox^+hx+c^zO we find that 

c 
a= • 

b 

(iv.) If e=0, 0=0 and /3= 

a 

ExampU, Find the condition that ~ttH — rr^ — 47/7~^'^*y 
have only one finite root, and obtain that root. 

Multiply up : 

thus a(a;* + ca5 + (fa: + cd) + 6(x' + 6a; + cfo5 + 6d) + c(x* + 6x + ca5 + 6c)=0 
.-. {p, + h + c)x^ + {ac + ad-^h^ + hd + hc + c^)x + acd + l^d + h(?=^\). 

The condition, therefore isa + 6 + c=0by (iiL) ; and then the other root 

. , , acd + hH + hc^ _ acd + bH-^bc^ 

IS Clearly X- c{a+b + c)'^ad + h' + bd~ ad + ¥ + bd ' 

6. From § 4, a+^= ^ ~""7^ 

J o (-ft)2-(VP^=^2 b^^b^+4ac c 

and a)8=^ — ^ — ~-^ -= j-z = — . 

^ ia^ w a 

Similarly, a«+/32«(a+/3)3-2a3=-'-~=^'"^ 



a' a a 



a ^ o/3 a * a c ' 

anda3 + ^3=(a + ^){(a + /3)a-3a/3}=?^^^: etc 
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7. From § 6 we have Qa?'\-hX'\-c^a\Q^'\- — % +— | 

\ a a J 

=a(x^—a+p a;+ajS)=a(a;— a) (a;— jS). 

Thus if we can split a quadratic equation into two factors, 
each factor equated to zero will give a root. 

e.g, a*- 12a; + 35=0,/. (»-6)(a;-7)=0, 

.*. a;- 5=0, and a- 7=0, .'. a;=5 or 7. 

Conversely^ to make a quadratic whose roots shall be j?, q. 

We get (as -p){x - g) = 0, t.«. x^-{p + c[)x+pq= 0. 

To make the equation whose roots are f and - 5 : we get 

(a;-})(x+5)=0, t.«. x«+|a;- V=0, or 2x8+7a;-15=0. 

8. To prove that, if a, jS are the roots of x^—px+q^O^ then 
x^—px+q is identical with («— a) («— jS). 

Solving, we get 

|XB+^— ) ^— ,..a- 2 ,p ^ , 

.*. (x-a)(x-^)=a*-(a+^)x + aj8=a*-2w; + g. 

9. Examples: — 

(L) Find the condition that one root of ax*+bx+cz=0 may be 
thrice the other. 



X2 



Wehavea + ^=-A, aj8=— . [See § 6, p. 21.] 

a a 

Nowlet^=3a,then4a=-A and 3a^^—, 

a a 

.•.3('_^y=f.; .-. 36«-16ac=0. 
\ 4a/ a 

(il) If the equation x*+2(l+k)x+k*=0 has equal roots, what 
must be the value oiki 

«« + 2(l + ik)a; + (l+ik)3=l + 2ife + ]fe2-ik«, 

.'. a;= - (1 + ik)± Vl + 2fc. 

If the roots are eqaal the square root must vanish. 

i,e. l + 2ik=0, .-. A;=-i. 
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(iii) If the roots of a;*+aa;— ^=0 be ft, c, and of a;«+fta;— g=0 
be <;, a, and if 2(p+g'+r)=a*+ft*+c«, prove that the equation 
whose roots are a, 6 is a;*+ca;— r=0. 

By § 6 6 + c= -a, c + a= -6, ' 

/. c= — (a + 6) ; and 6c= -|>, ca= - g. 
But2r=a* + 62 + c»-2(jp + ^)=a«+62 + (a + 6)2 + 2c(a + 6) 
=a3 + 62 + a« + 2a6 + 6'-2(a + 6)*=-2a6,/.a6=-r 
/. the equation whose roots are a, ftiso^ + cx— r=0. 

(iv.) K'the roots of a;*+i'^+?=0 are real, prove that those of 
a;«+3pa;+2jp*+j=0 are real also. ' 

Condition that roots of second equation may be real is 

(3p)2-4(2;)2 + gr)>0. See §6. 

t.e. that j>^~ 4^>0, which is the condition that roots of first equation 
may be real 

(v.) If the roots of aa:*+2Ja;+c=0 be a, )3, and those of 

^aj«+2^aj+C=0 be a+y, jS+y, prove that ^^H^^^'""^^. 

H«B),*,'-^-(.*«,-,"-(=±»)'-rf-(-|)'-;J-^. 

(vL) If Xiy X2 are the roots of aaj*+te+c=0, find the value of 
(6+aa;i)-*+(ft+aiC2)~* in terms of a, ft, a 

By § 4, (ft + ax,)-«+(ft + aa:.)-«=(6 + i:A±_^|E^)"' 
\ 2 ; (ft + Vft2-4(w)«"^(ft-NA62-4ac)2 



4{2&»-4ac-2ftVft»-4ac + 2ftg-4ac + 2ftV6'-*-4ac} y-2a<? 

(vii.) If 4a;* + 1 = 5a;, show that 4a;« — 1 = db 3a;, and hence solve 
the given equation. 
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Square: thiisl6aJ* + 8x* + l=25««,/.16x*-8x2 + i^9jp2^.4a;2_ i« +3,. 

.•. by subtraction 2=(5 + 3)x=2a; or 8x, /. x=l or -— . 

4 

(viiL) Form an equation whose roots are the Arithmetic and 
Harmonic Means between those of a;'— jmj+j=0, 

A.M.=^=|-, and H.M.=M=22 g^^ § 7 53 
2 2' + /3 |> 

/. the equation is 2px' - (l>^ + 4g')x + 2p5 = 0. 

(ix.) Form the quadratic equation whose roots are— 3+ V2 
and— 3-V2. 

(a; + 3-V2)(a; + 3 + V2)'=(a; + 3)"-2=a* + 6a; + 7 
.*. the required equation is »* + 605 + 7=0. 



EXAMPLES. IV. (A) 

1. For what values of a will x^ - cm: + a + 3=0 have equal roots ? 

2. If a, /3 are the roots of a;*+jxc + 3'=0, and if /3=-=-, prove that 

a 

3. If a, are the roots of fl5*-|M5 + 5=0, and a*, jS* the roots of 
a;*-Px + Q=0 ; express P, Q in terms of |>, ^f. 

4. If a, ^ are the roots of x^ + jxc + 1 = 0, and 7, d the roots of 
x*+gx + l = 0, prove that (o-y)(/3- 7)^1 + d)03 + d)=gr2-jp2. 

5. Form the quadratic equations whose roots are (L) - 5 ±6 V-1, and 
(11.) 2 

6. Show that no real values of x satisfy the equation x^ + a'=6a - 8x^ 
unless a lie between - 2 and + 8. 

7. If the equation -^ + -1_ + -1_=- ^ . have tqwil 

x + a x + 6 x + c (x + a)(x + 6)(x + c) ^ 

roots, find m in terms of a, 6, c. 

8. If a, ^ be the roots of Sx^- 2x+ 1=0, show that -i^±^^= A. 
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9. Solve the equation x-V5x+10»8, showing that it leads to a 
quadratic for the determination of x. Explain the reason why both of 
these values of x will not satisfy the given equation, although they 
satisfy the quadratic from which they are found. 

10. Find the condition that the roots of aV+&^ + (^=0 may be the 
squares of the roots of aa^ + 6x+c=0. 



EXAMPLES. IV. (B.) 

Solve the following equations : — 
1. Vx+1+ Vx + 6=5. 



2. a + x= Va* + xVPTj?. 

o va + x+ va — x_, 

Va + x-vo-x 
4. x«=21+ V^^. 
6. x*-13x« + 36=0. 
6. xi«-31x5-32«0. 

* x + J- 
a /x-4_ 8 x + 8 

9. x-»+-i==2. 
10. (7 + 4^)x« + (2+ V3)x=2. 

11. _i_=i+i4. 

x+a+6 X a 

12. (x + l)'=x + 3V3x* + 3x-ll. 

13. (x + l)(x + 2)(x+3) = 2(7x2 + 2) + (x-l)(x-2). 

15. 2x + 5y=22, 4x»-25y«=44. 

16. x + y=12, x' + ^=468. 
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17. »y=1225, Va + Vy=12. 

18. a;*-jey=2, 2x» + y*=9. 

19. a^ + y2 + a; + y=18, »y=6. 

20. a; + y=^, x-y=a5y. 

21. ya5=a(y+a), ac=6(2+a;), a5y=c(x + y). 

22. 3^*^=28, 2/^=9x, iKt^=6. 

23. (2 + x)(x + y)=9, (a; + y)(y + «) = 16, (y+a)(2 + x)=26. 

24. a2 + y2 + aa=29, y« + aa; + a5y=26, a; + y=6. 
26. 12x2*+ 1-4*= 128. 

26. (a; + y)(rf-yi) = 13, (x-y)(xi + yi)=26. 

27. aa;+6y=a2+62, a«x+6^=a3 + 6». 

28. ^-+?LtI=13 

»+l X 6 

29. 30 + 6^ ,60 + 8x_i^, 48 



a+1 x + 3 x+l 

30. a;(x+y + 2)=45, y(a; + y+2)=70, 2(x + y + «) = 105. 
3, (g-l)(g-2)(g-6) _ 

32. ^ + 5 3x-1 ^5 
2a-3 x+l'S* 

33. (g+l)H( x+l)(y + 2) + (y + 2)g=133, ) 
(x + l)+ V(x+l)(y + 2) + (y + 2)«19. J 

34. (2x4- l-5)(3a;-2-26) = (2a;-l-126)(3x + 1-25). 

2^+3) ^^"i?:^9 4^^=y)* 

36. x2(3ax-26y)=a6», xy(36y-2ax)=a'6*. 

/ t 12 

37. vl + 2x+ Vl-2x=— -,===^- 

6V1 + 2X 

O" X 2 



oa Vx + 2+ Vx-2 7 + 3^^5 

39. , 7== ^^ 

Vx + 2- Vx-2 2 
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6 \ a/ 2 a \ 6/^ 2 

41 7g + 5y-12 29 7a; 5y^ 4a; + 8y-6 
' 7a;-5y+12""6' 6 7 35 * 

42 g + 5 g-3 80 

* »-3 a + S"* 9* 

43. (x-3)3+(a;-4)3=43{(x-3)*-(»-4)«}. 

a;— a x x— c 
45. (a + a)(a2-aa; + 62)=a3 + 6a:2, 

46 ^-^=J!?- _? 1 ^IQg' 

* y X Vy 25* Vy 8II/** 

47. J-+ 2 +_l-=o. 

* X— a x+6 a+o 

48. 2(x-l)(a;-2)- Va;2-3x + 6=20. ' 

49. y2 + xy= V2-I, a:8 + y3=2. 

50. a;(y + 2-a)=39-2a:*, y(» + x-y) = 52-2y*, 2(0; + y - 2) = 78 - 222. 

51. 2(iB2 + icy)=3y, and y*+xy =6*. 

52. Vx+ V4 + fl:=-7=. 

^« a 1 x + 1 , 3-2x ^ 

^^•io"TiT2"*'"20"=^- 

-1 2 a+1 ^ 



55. ac2 + y2=8, 2a!y-y'=4. 
10 15 1 6 



57 — 

' 2a; + l 3x + l x + 1 6a;+l 

58. V5»-l + V7x-6= V2OX + 25. 

59. 2x*-3a;y + y2=6, x-y=l. 

^- f«+?=2^' x« + y«=41. 
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^, V« + 28 Vx + 38 

01. — ; T^ I A • 

63. a + y + iB2 + j^^i3^ ajy^g 

64. X* + -3 + a; +-^=4. 

x* » 

65. . — / , =c. 
V a + fee* - va - 6iC* 

^_ a + x + tJa*-^ h 

DO. ===== — . 

a + x- V a* - X* af 

67. ^fx-\/ — = Va + x. 

68. a+x+V2ax + x*=6. 

^^ 2 4/l7x-26 3 25 
^^- 3 +4^12- 

70 A^II2 + 1 = 1 
'"• 2 4 

71. Vx + va--Vax + x^=Va. 

72. 6x + a:4x + 6: :3x-6:2x-a. 

73. 16x2+3p2 = 16px. 

74 5g + 6 lly-5 _ 
'^ 10 21 -^^' 

l(55y-12) = ^-37. 

*7K y X _ x + 3 _ x + y 
X y y + 3 xy 

76. (a-6)x + (a + 6)y=2(aa-62) 1 

ax-by=a^-^b\ j 

77. (x - 4)3 + (x - 6)3= 31{(x - 4)« - (x - 5)«}. 
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78. |tl^= 9 - ^. 
6x-7 x + 1 

yg (a;-fa)(a;+&) _ (g + c)(g + d) 

80. 3x+2rf-l=0. 

81. x2 + ajy=140, y* + a5y=56. 

82. x2+V=43, iB2 + a5y:^28. 

83. aa=y*, a + y+a=21, o^ + yS + jja-igg 

84. a^ + y«x=30, ~ + -^=-|. 

a; y 6 

86. 3at + JC»=3104. 

86. a?f + xf==756. 

87. 3a:t- 86x1 + 692=0. 

88. 2x Vx- 3x V — = 20. 

X 

89. 2x*-x*+ 104=600. 

90. x + y + »=6, x* + i/2-«2+2xy=24, x-y=l. 

91. x* + xy + y2=7(x+y), x'-xy+y3sH9(x-y). 

92. Vx2-12x + 36 + Vx2-7x + 6=V'x3 + 9x-90. 

93. x2-3x + 2Vx2-3x + l=2. 

94. x3 + 6xy + 6y2=164, 16x'-8x2^ + y2=264. 

96. x + y+-?^ = 13, x2 + 3^ + ^^42=61. 
^ x+y ' ^ (x + y)2 

96. iL-l.=2, V2a(6 - y) « s/5( Va + Vx). 
a 6 

97. ^±y + ?Zj?=|., ic« + y»=90. 
x-y x+y 2 

98. xy + ya? + »c=ll, 2xy + 3x2 + 6y»=31, 7xy + 5x» + 7y««7l. 

99. ?^ + 10(^)=7,xy3«3. 
x-y \x + y/ ' " 

x' + 8x + 15 x'-^ + 4x+3 ^19 
^""' x2 + 9x + 20 x2 + 5x + 6 12' 
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EXAMPLES. IV. (C.)-Problems. 

1. Find a number such that if three-eighths of it be subtracted from 
20, and five-eleyenths of the remainder from one-fourth of the original 
number, 12 times the second remainder shall be one-half the original 
number. 

2. A fjEirmer bought a certain number of sheep for £57. Having lost 
8 of them, he sold the remainder at 8s. a head more than they cost him, 
in order to make up the deficiency. How many did he buy ? 

3. A space in the shape of a rectangle with semicircular ends is sur- 
rounded by 100 yards of palisading, and contains 546 square yards. 
Find the width and extreme length of the enclosure, assuming that the 
area of a circle = ^ x (radius)', and the circumference = ^ x (diameter). 

4. A merchant bought some pieces of silk for £221. Had he bought 
4 pieces more for the same money, he would have paid £A less for each 
piece. How many did he buy ? 

5. Divide £1, 6s. 2d. among 5 men, 11 women, and 8 boys, so that 3 
men may have as much as 2 women and 2 boys together, and 5 women 
as much as 7 boys. 

6. The commercial discoimt on a certain sum for one year is to the 
true discount as 31 : 30. Find the rate per cent. 

7. A fiftther gave his son a certain sum, telling him that at the end of 
eveiy year he would give him as much as he then had left : the son 
spent £100 a year, and at the end of 4 years had nothing left. How 
much did he receive at first ? 

8. A grocer gains 20 per cent, by selling at 2s. a lb. a mixture formed 
by mixing 7 lbs. of common tea with 2 lbs. of a better kind : but if he had 
mixed 7 lbs. of the latter with 2 lbs. of the former kind, he would have 
lost 20 per cent, by selling the mixture at that price. What did each 
kind of tea cost him per lb. ? 

9. A does a piece of work in two-thirds of the time in which B can 
do it, but A receives 2s. a day more. The work costs 20s. more if B 
does it than if A does it, and, if both work together, it costs 96s. ; find 
the daily wages of each. 
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10. A bill before Parliament was lost on a division, there being 600 
Totes recorded. Afterwards, there being the same voters, it was carried 
by twice as many votes as it was before lost by, and the new majority 
was to the former as 5 : 4. How many members changed their minds % 

11. The difference of two numbers is 6, and the difference of their 
squares exceeds 32 times the sum of their reciprocals by 100 times their 
sum divided by 3 times their difference. Find them. 

12. The hypotenuse of a right-angled triangle is less than the sum of 
the other two sides by 8 ft., and the area= 180 sq. ft. Find all the sides. 

13. The sum of £11, 7s. 6d. is made up of a certain number of 
sovereigns, twice as many half-crowns, five times as many shillings, and 
ten times as many threepenny pieces. Find the numbers of each coin. 

14. In a journey of 180 miles, an increase of 5 miles per hour in the 
rate of the train would diminish the time required by 30 minutes. What 
is the rate of the train ? 

15. The numerator of one fraction is the same as the denominator of 
another ; their product is 12, the sum of their numerators 41, and the 
sum of their denominators 8 ; find the fractions. 

16. A train A starts to go from P to Q, two stations 240 miles apart, 
and travels uniformly. An hour later another train B starts from P, 
and, after travelling for two hours, comes to a point that A had passed 
45 minutes previously. The pace of B is now increased by 5 miles an 
hour ; and it overtakes A just on entering Q. Find the rates at which 
they started. 

17. A carrier charges 3d. each for all parcels not exceeding a certain 
weight ; and on heavier parcels he makes an additional charge for every 
7 lbs. above that weight The charge for half a cwt. is Is. 3d., and the 
charge for 9 stones is five times that for 1 qr. What is the scale of 
charges ? 

18. A's annual income is a half of B's, and B spends £60 a year more 
than A does. At the end of two years A has saved £200 and B £600. 
What are their yearly incomes ? 

19. An ofi&cer, in forming his regiment into a solid square, foimd he 
had 76 too many, and, upon increasing the side of the square by 2, he 
had 88 too few ; of how many did the regiment consist ? 
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20. On a certain road the number of telegraph posts per mile is such 
that if there were one less in each mile the interval between the posts 
would be increased by 2^ yards. Find the number of the posts per mile. 

21. Two casks, each containing 20 gallons, are filled, one with water, 
the other with spirit, (x) gallons are drawn from each cask, mixed, and 
the casks are again filled up with the mixture ; when this is done a 
second time it is found that the quantity of spirit in the latter cask is 
to the quantity in the former as 5 to 3. Find (x). 

22. Find 3 numbers such that if the first be multiplied by the sum of 
the second and third, the second by the sum of the first and third, and 
the third by the sum of the first and second, the products shall be 26, 
50^ and 56. 

23. A ship did a measured mile in 4' less on a perfectly calm day 
under steam than on a windy day under sail ; also on the windy day, 
using steam in addition to sail, she did the mile in 2§'. What was the 
ship's time over the mile under steam on the calm day ? 

24. How soon after three o'clock are the hour and minute hands of a 
dock again at right angles to each other ? 

25. A person started at a certain pace to walk to a railway station five 
miles off, allowing himself just time to catch a train : after walking one 
mile, he stopped for twenty minutes, but by walking one mile an hour 
faster, he was still in time for the train. At what pace did he start ? 

26. A sets out from London to York, and B at the same time from 
York to London : they travel uniformly, and A reaches York 16 hours 
and B London 36 hours after they have met on the road. What time 
did each take over his journey ? 

27. A broker bought as many railway shares as cost him £1875, he 
reserved 15 of the shares and sold the remainder for £1740, gaining £A 
a share on their cost price. How many shares did he buy, and what 
price did he pay for each ? 

28. The same amount of tax was paid on the profits of a business when 
the income tax was 6d. per £1, as when the profits were £300 more, and 
the tax 2d. less per £1. Find the profits in each case. 

29. A person owes certain sums of money to two creditors, and he finds 
that if he pays them respectively sums of money in the ratio of 9 : 17 the 
sums unpaid will be 10 per cent, and 15 per cent, of the two debts, and 
will together amount to £52. Find the amount of each debt. 
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30. A wheel revolying with a giyen velocity drives a smaller wheel by 
means of cogs. If there had been 4 more cogs in each wheel, the velocity 
of the smaller wheel would have been one-sixth less, and if there had 
been 4 less in each, the velocity would have been one-third greater. 
Find the number of cogs in each wheel 

31. A bar of metal 9 inches wide, 2 inches thick, and 8 ft. long, 
weighs 1 lb. to the cubic inch. Find the length and thickness of another 
bar of the same metal, width, and solid content, if 2 inches cut off from 
the end weighs 27 lbs. 

32. Find the sums of money with which each of 4 persons A, B, C, D 
began to play, if after A has won half of B's, B a third of C*s, and C a 
fourth of D's, each has £12. 

33. Find two numbers such that their difference =4, and that twice 
their product»cube of the less. 

34. Divide £100 between 3 men, 5 women, 4 boys, and 3 girls, so that 
each man has as much as a woman and a girl, each woman as much as a 
boy and a girl, and each boy half as much as a man and a girl together. 

35. Some bees were sitting on a tree : at one time the square root of 
half their number flew away, and afterwards f of the whole number. 
Then only 2 bees were left. How many were there in all? 

36. A farmer bought 6 oxen and 12 sheep for £63, and for £90 could 
have bought 4 more oxen than he could have bought sheep for £9. 
What did he pay for each ? 

37. A runs 200 yards in 25^ seconds, B runs the same distance 
in 26 seconds : how many yards must A give B in a 200 yards race 
in order that B may win by one yard f 

38. The difference between the sum and difference of two numbers is 
half the sum of their sum and difference. What is the ratio of the 
larger to the smaller ? 

39. A vessel is filled with a mixture of 1 gallon of brandy and 9 
gallons of water. If a gallon of the mixture be drawn off every day and 
the vessel filled up with brandy, how much brandy will there be in the 
vessel at the end of 5 days ? 

40. At what time between 8 and 9 are the hands of a dock at right 
angles ? 

41. Find the price of eggs when a reduction of Id. a dozen gives an 
extra dozen for lis. 

c 
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42. Divide 128 into two parts so that the first + 7, the second - 7, the 
third X 7, and the fourth ~ 7 may be all equal. 

43. Find two numbers such that the greater is to the less as their sum 
is to 90 and also as their difference is to 18. 

44 A sets out from L to Y, and at the' same time B sets out from Y to 
L. They meet on the road and find that A has travelled 30 miles more 
than B. A expects to reach Y in 4 days, and B to reach L in 9 days, each 
travelling at the same rate as before. Find the distance from L to Y. 

46. The tail of a fish weighed 3 lbs. Its head weighed as much as ita 
tail and half its body, and its body weighed as much as its head and tail. 
What did the fish weigh ? 

46. Find when next after twelve o'clock the hour and minute hands of 
a clock are together. 

47. The fore- wheel of a carriage makes 6 revolutions more than the 
hind in going 120 yards ; but if the circumference of each wheel were 
increased by 3 feet, the fore-wheel would make only 4 revolutions more 
than the hind in the same space. What is the circumference of each 
wheel? 



v.— RATIO, PROPORTION, AND VARIATION. 

1. Ratio is defined by Euclid as the mutual relation of two mag- 
nitudes of the same kind to one another in respect of quantity (see 
Bk. V. Def. iii.). In Algebra the ratio of a : ft is measured by the 

ratio-fraction = -=- ; and the ratio is said to be one of 

consequent b 

greater or less inequality^ or of equality^ according as a is > or < 

or=ft, i.e. as -=- is > or <, or=l. 

b 

To compare ratios we compare the corresponding ratio-fractions. 

Ex. Show that the ratio a« - «« : a« -f a;« is > the ratio 
a — ic : a+Xy where a, x are positive. 

ft% __ nut O, ^ X A — X^ /l^ ^ 9^ 

Compare ^^f^^ and ^^^ i.e. ^j^^ and -j-^^-—^ and the result is 
evident. 
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To compound ratios we multiply together the ratio-fractions. 

2. A ratio of greater inequality is diminished, and of less in- 
equality is increased by adding the same positive quantity to 
both its terms. 

For, let ^ be the original ratio, and let some quantity d be added to 

both its terms, so that the new ratio is -j^ — 3. 

b-^rd 

Then l^, is>or<^ according as ^-±^f^ is>OT<^±^ (the frac- 
b + d b * (6 + d)6 (6 + d)6 ^ 

tions being brought to their L.O.D.), i.e. as bd is>or<ac2, i.e, as 6 is 

>or<a, i.e. as given ratio a : 6 is of less or greater inequality. 

As (2 is indefinitely increased it will be seen that the ratio in either 

case approaches a ratio of equality. 

3. Given any number of ratios equal to one another, to prove 
relations connecting their antecedents and consequents. 

Assume -t-~-t= • • * "^h ^^d substitute for all the antecedrnts, thus 
6 d 

a—bk, c=dk . . ., and get rid of k from the result. 

W + bdf+d^f) "^K ¥ + bdf+d^f J" I b^ + bdf+d^f ) ~^- 

4. When are four quantities a, J, c, d said to be proportionals f 

(i.) Algebraical Definition, — a, &, c, d are proportionals when the ratio 

a c 
of a : 6 = the ratio of c : d, that is, when -i-= -r- 

a 

(ii.) Euclid^s Definition, — (Bk. V. Def. v.), a, b, c, d are proportionals 
if, when any equimultiples whatever be taken of a and c, and any what- 
ever of b and d, the multiple of a is>=or<the multiple of 6, according 
as the multiple of c is>=or<the multiple of d. 

We may easily deduce (ii.) from (i.) thus: -t-=4-, multiply both by 

— where m and n are any whole numbers : thus -r=-j» Mid there- 
fore ma is> =or<n& as mc iB> = or<ndL 
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17. xy=1225, slx-{-,Jy^l2. 

18. a5*-rKy=2, 2a;* + y2=9. 

19. a^+y2 + a; + y=i8, a:y=6. 

20. a; + y=^, x-y=xy, 

21. yaj=a(y + «), aa;=6(i8+a;), jcy=c(x + y). 

22. a;^=2a, j^=9Xy xyz^^G, 

23. (z + a;)(x + y)=9, (a; + y)(y + ») = 16, (y + »)(« + «) =26. 

24. a;2 + y2 + «*«29, yi8 + aa; + 0^=26, x + y=6. 
26. 12x2«+i-4«=128. 

26. (a; + i/)(xt-y*) = 13, (x-y)(»4 + yi)=26. 

27. flw; + 6y=a' + 6*, a^ + 6^=a' + 6'. 

28. -iL.+^±i=^. 
x+1 X 6 

oo 30 + 6x . 60 + 8a; ,.48 
ay. -— + — — — = 14 + 



x+1 »+3 x+1 

30. x(x + y+2)=46, y(a+y+»)=70, 2(x+y + ») = 105. 
(x-l)(fl;-2)(x-6) _ 

32 2g + 6 3x-1 ^6 
' 2a;-3 x+l "" 3' 

33. (a; + 1)^ + (a ; + l)(y + 2) + (y + 2)2= 133, ) 
(a + l)+ >/(a + l)(y + 2) + (y + 2) = 19. J 

34. (2x + 1 -6) (3x - 2-26) = (2x - 1 •126)(3x + 1 -25). 

^ ^ o_6_-, «^ _ 8^-^ 
2(x + 3)" ^ x2-9 4(x-3)' 

36. x*(3ax-26y)=a6», xy(36y-2ax)=a*6«. 

, ^ 12 

37. Vl + 2x+^/r:2^=^^^. 

39 Vg + 2+ Vx^ ^ 7 + 3\r6 
a/x + 2-Vx^ 2 
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^, 7g + 5y-12 29 7a! 5y^ 4a; + 8y-6 
' 7a;- 5^+12"" 6' 6 7 35 ' 

42 ^ + 5 ac--3 _80 
' x-3 a + S"" 9* 

43. (« - 3)3 + (a; - 4)3«43 {(x - 3)« - (a - 4)*}. 

44. ^+?^+^::_*=o. 

x — Oi X x—e 

45. (x + a)(a2-aa; + 62)=a3 + 6a;*. 

46 ^--?-=-^ -? 1 ^IQg' 
y X Vy 35* Vy 81y2* 

47. JL+ 2 +_!_ ^,. 

• a— a x+b a+o 

48. 2(x-l)(x-2)- Vx8-3x + 6=20. * 

49. f + xy= V2- 1, x* + y*=2. 

50. x(y + 2-x)=39-2x«, y(«+x-y)=52-2y2, 2(x + y-2) = 78-2«*. 
61. 2(x* + xy)=3y, andy* + xy=6x. 

52. Vx+ \/4 + x=-7=« 

vx 

.„ X 1 x+1^3-2x ^ 
10 5 x + 2 20 

-. x + 1 1 x-1 .3 

54. - -— . z = 1}. 

x-1 2 x+1 ^ 

56. x2 + y2=8, 2xy-y«=4. 

56. -^-^- J . 

10 15 1 6 
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2x+l 3x+l x+1 6x+l 

58. -/5x-l + V7x-6= -/2OX + 25. 

59. 2x2-3xy + y*=6, x-y=l. 
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^^' ^x + 4 Vx + 6" 

63. x + y + x^ + f=lS, a^=6. 

64. x« + -3 + « +— «4 

65. . — ====== c. 

V a + fee" - V a - fezJ* 



^- a + » + Va*-x* 6 
a + flc-va^-ar a; 

67. Jx-Kj — = Va + X, 

▼ a; 

68. a + a+>/2flw;+x*=&. 

^^ 2Vl7x-26 3 25 
^^' 3 ■*- 4=12- 

^^ V»+l2 . 3 - 

70. -^— + - = 1. 

71. ^/5 + ^a — Vox + a^= Va. 

72. 6x + a:4a5 + 6: :3a;-6:2x-a. 

73. 16x«+3p2 = i6pa;. 

5g + 6 lly--5 _ 
^^ IjO 2i~""^^' 

l(55,-12) = J-37. 

•75 y g^x + 3^g + y 
* X y y + 3 xy ' 

76. {a - h)x + (a + h)y = 2(a« - J^), ) 

77. (x-4)3+(x-6)s==31{(x-4)8-(x-5)«}. 
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78. — =-= 9 -^f-. 

5a; - 7 a; + 1 

y (a! + o)(a; + 6) _ (g + c)(a! + rf) 
x+a+6 x+c+d 

80. 3a; + 2ai-l=0. 

81. ai2 + a3y=140, y* + xy=56. 

82. ^2 + 3^2=^43^ a2 + ajy=,28. 

83. a»=y*, a; + y+»=21, ai* + y' + 8^=189. 

84. ai8y + y^=30, 1 + 1=1. 

a; y 6 

85. 3a;t + «»=3104. 

86. a:f + xf«756. 

87. 3a;l-85a:l + 592=0. 

88. 2a;Vx"-3a;V — =20. 

a; 

89. 2a*-x» + 104=600. 

90. x + y + «=6, a5* + y'-22 + 2j»y=24, x-y=l. 

91. x*+xy+y*=7(x+y), x2-xy+y*=9(x-y). 

92. Vx2_ 1235 + 36 + Vx2-7x + 6=^/a63 + 9x-90. 

93. x2-3x+2Vx*-3x + l=2. 

94. xa + 5xy + 6y2=l54, 16x«-8xy+y2=264 

96. i^-.l.=2, >/2a(6 - y) = V5( Va + >/x). 
a 6 

97. ?^+^=|., a«+3,»=90. 
x-y x+y 2 

98. xy + y8 + ax=ll, 2xy + 3x» + 5t/a=31, 7xy + 6x» + 7y2=7l. 

99.i±y + 10(^W7,xy3=3. 
x-y \x + y/ 

x* + 8x + 15 x'-' + 4x + 3 ^19 
^^' x2 + 9x + 20 x2 + 5x + 6 12' 
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Similarly, sc « sc « ... to |? factors=aj «"•"«"•"*■ *°'**™*_ ^ g 

p / 1 \p 
.\X9 =\X9 ) =the I?** power of the g** root of x, (v.) 

So also xT, xT ... to g factors =a;T"*"T"*" ' ' * =xir=zx. 

,\\xT) =^x; .'. xTz=^ . . (vi.) 

aj« j x= 9 . . (vii.) 
[In results iv. . . . vii. p, q, r axe positive integers,'] 

Again, aJ* . a^=iC™+<^=iC~, .-. tP^X . . (viii.) 

and TT^, a^=ar-*+**=a:<^=l, .-. ar-**= — (ix.) 

3. To prove (a) that •/1= -^, and (jS) that fl^f^ J_, 

A^ aj V a; V a; / -^ 

^ a; « 

where |? and q are positive integers, 

(«•) ( "7=1 =— T'— r- • • to g factor8=— by (vi.) 



X 9 X 9 



(j8.) Therefore 



4. These extended definitions of § 2 may be shown to satisfy 
(iii.) also, in the following way : — 
First, toT positive fractions : letp, q, r, 5 be bluj positive integers. 

Assume {xTJ'^^A, then A'=\\xT)t\ =\zT) by (iii.) 

pr 

,\ A'=x 9 by (vi.) 

' / pr pr 

.-, A=^ X9 z=xv by (vii.) 
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Nexty for any quantities integral or fradional. Let m, n be any 
positive quantities. 

Then (a:«)-«=--i-=-L =«-"*" : 



^—/f—nn 



(-)-=(^)"=(.-L)D>y§31= 

1 1 
and (x-^)-^=. r^= =a;'»'». 

5. (i.) To prove that (so/) 9 =x 9 y 9 where ^, j are positive 
integers. 

Let u4 = (jBy)f, .-. u4«=(a^)P=a:P2(P by § 1. 

f p \g/ p \g / _p p\g p p 

.'. u4«=Uff Mi/« ; by(v.)=U ay ff-^ .'. -4=a; gy « . 

Similarly, a;"«"-i- yT = j _ j" 

Combining this result with § 4, we see that uniyersally 
(xy» . . .)»»=a;''y*2{"' . . . whatever m may be. 

{^) X9 , y • :=.X9Ty9*-=\xvr) \yp*) z=,\x9r , y pt ) . 

e,g, Vsi^Vy*=3^yi = (x^yiy^, 

(iii.) Let X9 y » =A. Then A^'=\x 9yJ 

X9j [y.) ^X^f^, 



_P 
9 



.'. u4= V^y^ or {x^y^yv. 

e.g, a:ly*=(a;^0y9)iV='Vi?y; 

6. Definition, — A root which cannot be exactly obtained is 
called a Surd or Lrrational Quantity. 

e.g, V27 and Vi are surds, but not V4 and V27, for the latter are equal 
to 2 and 3 respectively. 

Similar surds are those which are or can be expressed with 
the same surd factors, the other factors being rational. 

e.g, 3 \/^ and 2 V245 are similar surds, for they can be expressed in 
the forms 6 V5 and 14 V5 by § 5. 
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3Iixed sards consist of a rational and a snrd factor. 

Entire sards have no rational factor. 

Mixed sards may always be expressed as entire sards. 

e.g. 3a %^= V9o'V«=»%^9a*c8 by § 5. 

7. Examples: 

Vsi- ^27^-3 Vs ; 2 Vf- Vie X V7« ^16^= Vll^ ; 
V24a*r + 40a»x*= V8a3(3x + 5x*) =2a Vsa: + 5x« ; 
5V5x3V5=15V40=30>^i6; 85.^56-7-4^2=2^28; 
V27+ V48=3V3 + 4^3=7 V3, • 

3Vi+5Vs=3V|+5y;ft=i;'2+iV2=¥V5. 

For proofe of methods osed, see § 5. 

8. The Sqoare root of a Kational qaantitj cannot be partly 
rational and partly a qaadratic Sard. 

For if possible let Vn=a + Vm ; then squaring and reducing we get 
iJm^' a > which is contnuy to the supposition that iJm is a surd. 

Thus ifz-¥'Jy^a + ^y then Vy=(a-x) + V6,.*.a-x=0, 

.•.x=a, and.'. Vy=V6. 

This is called equating rational and irrational parts. 

9. (i) K Va+ Vi= Vx+ Vy, then Va— V6= \^— V^. 

Square both sides : thus a + V6=x + 2 v zy + y, 

.-. V6«2Vxy by § 8, .•.a-V6*x-2 VS^+y 

and .*. ^a — Jb^Jx — Vy. 
(iL) Similarly, if Va+ V5=a?+ A/y, then will ^a— V6=ir— Vy. 
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Raise both sides to the w** power [see p. 81] : thus 

a + v6 = a* + naJ* Wy+— ^j^ — -x^ ^y + — tit -a^^ys/y-h , . . 

-» . *«'(^~l)-«-2 . J /r «-i /- . n(n — l)(w-2) . ,- 

Therefore ^a- VS—x-VyT 

10. To find the condition that va+ VS^may be expressed in 
the form >\/«+ Vy. 

Square both sides : thus a + V6=a; + y + 2 Vxy, 

.*. ic + y=a, and 2\^=V6, 

and therefore a^ - 6 must be a perfect square. 

11. (i.) To find, if possible, Va± V^in the form Vx± Vyl 
Take d = Va^ - 6 so that a^—d?= h. 

Thenva± V6=/y -g— ± \/^^^> as may easily be proved by 
squaring both sides. 

e.g, TofindVl6 + 6V7. 
Here rf=V256-252=2, 

Another method : 

Let Vl6 + 6\/7=>/i+Vy, 

.-. 16 + 6 V7'=a; + y + 2 Voy, 

.-. a; + y=16, and 2 N/ay=6>/^ 

.-. (a;-y)2=(x + y)2-4xy=256-252=4, 

/, x-y=2, .•. x=9 andy=7, 

.-. Vl6 + 6V7=>/9 + V7=3 + V7. 
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(iL) Sometiines a square root sach as 

VlO+2 VIO+2 V15+2 V6 may be found. 

AasaiiieVlO + 2'^» + 2%(l5 + 2'^6=%^+%^+%^ 
Square both sides. Thus : 

10+2\^10 + 2%^i5 + 2^/6=x+3f+^+2\^+2VJK + 2^^ 

Assume 2 %^=2 v'lO, 2 Vjb=2 ^Is, 2 -^=2 s%. 
This gives 3cy=10, xs=15, js=6. 

.-. 1=5, y=»2, 2=3. 
And these Tslnes also satisfy x+sf +s=10. 

Therrf<N« required square root is ^5 + %^ + %^. 

(iiL) To find \^26+15 V3. 

Let V^26 + 15 V3 =x + Vy, 

Then by § 9 v^26 - 15 >^3=x - Vy, .\ x»- y = V^(26)^-(15 V3)«= 1, 
Abo 26 + 15 v^=x»+3j[*N^+3iy+y«i/y, .\26=x»+3xy, 
.•.x»+3x(x*-l)=26, .\4i»-3x=26, .*. x=2, and .-. y=3, 

and .\ V^26 + 15^4=2 + %/3. 

12. To lationalise the Denominator of a finction. 

1+3^5 _ (l+3^(2^+N^) 3O + 2V5 + i^ + 3Vl0 



(L) 



2V5-V2 (2V5-V2)(2v^5 + %/2) 18 



^^. 1 _(N^W3)«-5_ (>(7-Hv^-%^5)(2%/2i-5) 

V7 + V3 + V5 ^7 + ^/5-%^ (2 V2I +5X2*721-5) 

9V3 + V7-2Vi05 + 5\/5 
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2 
(iiL) Rnd the yalae of -r^r, having given that ^3= 1*7320508 



2 2(2 + V3) _ 



2 X 3*7320508 =7-464101& 



2-%^ 4-3 

« « 
13. To find a Factor which will rationalise x*±y*. 

* - fin ^^ 

Take a^x*", P=y*9 and let n he the L.C.M. of 6, d so that -j- and ^ 

are integral, and therefore c^ and P* are rationoi 
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Then - ^Kr^^ *±a*~*/3 + etc., which is the reqaiied factor. 

The signs must be detennined by I. §§ 10, p. 2. 

Thus a*+/3»=(a + P)(a*-i-a*-«/3+ . . . +/3»-i) when n is odd; 

a*-i3»=(o+^)(a*-i-a*-*/3+ . . . -jS*"*) when»is«w»; 

a*-/3*=(a-p)(a*~^ + a*~*/3+ . . . +/3*~^) when n is ocU or eren. 

f.^. To find a rationalisiiig factor for V2'— V3'. 
Put 2!=«, 3l=y. Then?^^^=x5-iC*y+a»y«-x2y3 + xy*-y<^, 

.-. Factor is 2 V - 2^1 + 213* - 2^3* + 2«3« - 3^ . Ans. 

15. Dejmiion. — ^An imaginaiy expression is one which contains 
the square root of a negative quantity. It can be put in the 

form a-^-P V— 1, where a, P are real quantities or expressions. 

If o + ^V^=y + 8V^, then will a=y and /3=d. For, if not, let 
y=o + etheno + 0V^=a + e + 8V^. 

i.e. the square of a real quantity is equal to a negative quantity, which 
is impossible ; 

.*. a =7, and therefore 0=d. 

This is called equating possible and impossible parts. Cf. § 8. 

From this it maybe seen that a+fiJ-l^O only when both a=0 and 
0=0. 

16. a+p V— 1 and a— )S V— 1 are called Conjugate imaginary 
expressions; their product is a«— (jSV— l)*=a*+i8*, and 
4- ^/oT+p* is called the Modulus of either of them ; Le, the 
modulus of either of two conjugate imaginary expressions is the 
positive square root of their product. 

The modulus of the product of any two imaginary expressions 
a+)8 V— 1 and y+S V— l=the product of their moduli 

For(o + 0-/^)(y + «-/^) = (oy-0d) + Oy + o«)V~l, . 

.'. modulus of product =V(ay - /35)2 + (/3y + afi)* 

'Ji?y^^ff*S^TpyTi^^'^=^^^^+W^ V7?TF= product of moduli 
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17. To express — — -. in the fonn A'\'B V— 1. 

Multiply numerator and denominator by c - d V - 1, 

ae + bd he — ad i — =- , . ,. . - . , • j ^ 

^~^ — 'M + 7^~/72 ^ ~ -^j which 18 of the required form. 

18. To find the square root of an imaginary expression. 

Let Vo+j9\/^= Jx + Vy ^^. 
Square both sides thus : o + ^V-l=x-y + 2^/xyV— 1 
•.by §15, »-y=a,2^/^==^, .'. (ac + y)2=(x-y)2 + 4xy=a« + /3J 

.". a; 2 ^, ana y ^ , 

Ex. Find /^^eia* in the form a+j8 V^. 

V^^64a*= ±2a V^= ±2a V-2'J^ 



Let V-2V^=^/x + Vy\^^ 

Then x - y=0, and 2 ^/xy = - 2, ,\s/x=l and Vy = - 1 

.-. V-64a*= ±2a(l - V^). 
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1. Multiply a**"* + o*" + a** ** by «"• - a*. 

a;* - x*~*^ 



2. Subtract ; r;r from , N„_i 

3. Suuplify ^s=-»+is^+^iip:-,-5i- 

4. Divide ^^-7n^ai'iiM ^y rgOm-nnyim^^A 
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5. Subtract -— — j- from -— — j— • 

6. Simplify >/^«6iaxMx (cJa*)-!. 

7. If o=xyP-i, /3=a:y«-i and y=»^~i, prove that o«-''i3'-^yP-«=l. 

8. Multiply flcf + 2yf + 3ai by xi - 2yf - 82!. 

g 0. ,.- a** + o*6 + 6^ 1 

11. Simplify the foUowing : (a.) (^^ g^W . 

12. Divide (5a3 + 8a6 - 21&2)* by (a +35)* 

13. Multiplyai" + x'*+iy"* + a^+2y-2 + a4»+3y-3i,y2.2_2a;3y-i ^3.4^-2 

14. Reduce (3t - 2i3l + 6 - 2131 + 2^31 - 2f) x (3* + 24). 

15. Divide 15 (a- 6) + 16 Va5 by 3 Va + 5^67 

16. Simplify 2r^-2r^+i--yi. 

^ "^ 3-3yi + 4yl-4y 

17. Extract the square root of 

18. Simplify 

V9m + 25n-30v'^; '^2p^ + f + 2p ^^^2 , and ^^2p + 2 V^23p, 

19. Prove that ^ + yt-f ^(a^-i-l-r|)^^±y. 

20. Find the value of 27x + 48x2 _ 33.4 ^h^n x = —( ^21- 3). 

21. Show that the result is the same whether 2+ a/3 or 2- ^3 be 
substituted for x in the expression x^ - 15x + 5, 
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22. Divide 1 +a^ by 1 - a/3x + «*. 

23. Find the continued product of 

1 + 2^2,4- V3, V2+ a/3,4+ V3, 2V2-l,and ^3- V2. 

24. Find the square root of 57-12 -/IB, and of 31 + VeOOT 
25 Kfl=A./— ^» prove that T — ^= . 

3 * 

26. Prove that ■2(-/3 + l)'-2( V2+l)«= V59^^24V6. 

27. Rationalise the denominators of 

3+ V2 L__ ,,ni1 _i±J?^ 

V2-1+ V3' V2+ -/3+ V6 2 V2-3V3' 

28. Add together — #=:, -— 7=-and__ . . 

* 4(1 + Vx) 4(1 - ^/x) 2(1 + x) 

29. Prove that V3+ ^5+ V3- ^5= VlO ; and find the aqoaie root 
of 49-20^6. 

30. Find the square root of — -^^ — - and of 100-2^2499. 

31. Find the value of 

a5*-x*+3x+5 whenx=l + 2%/-l. 

32. Divide ac!'+ oV+a* by x - V- 3ax - a. 

33. Simplify Vi7 + 20^7^+ Vl7-20V^ 

(a4W^)« (a-6^^^y , . . . . 

34. Reduce \_j^j^ ^ o+feV~l * ™*^ fraction with a 

rational denominator. 



2x 



35. Find the value of a5'+3a^ + 4a' when-— = 1+ V - 15 



a 



36. Find the fourth power of - V- 2^-3- 



^ and 



37. Add together ^^j. g.+i + ^Za'"'' 2x+l-V-3 
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38. Prove that V? + \/^5 + V? - V - 15 = ^/30. 

39. Express the values Q,i{*J — 1)** where m has each of the four forms 
4n, 4n + 1, 4» + 2, 4?i + 3 ; n being a positive integer. 

40. Find the value of (jc - 10)' + (a; - 6)* when x= 8 + 2 V~l. 

I-V 2 

>.! a- ,.^ ,. , 3l + 3i+l . 3i-3i+l Ar'\l±M 

41. Simplify (l) 3^^^ + 3i-l ' ^^ (''•) JT^' 

3 + 2V2" 

42. Multiply V2i + V2(2a;-1)-;^ by ^ + ^2(^31). ^2^. 

43. Simplify— 

(V2 + V3)(V3 + V5)(V5 + V2) ^ , 

(V2 + V3 + V5)^ ' ^°^ (^ "*■ ^ ) "^ (^ " "^^^ • 

44. Find the square root of 16 + 6 V7. 



45. Find the value of -j=—j====== correct to three places of 

decimals. 

51 -7i 

46. Express —^ — — by an equivalent fraction with a rational de- 

nominator. 

47. Find a factor which will rationalise 3i + 2i, and obtain the 
numerical value of the product. 

48. Simplify _£2_^68_^6-V2p; 

V32 - 3 VI8 + 1 16 

49. Find the valueof Jc2-6a; + 7 whena;=3->/37 

50. Find the continued product of \/a + \/6 + Vc^ VS + a/c^-Vo^ 
V c + fla— V 6, and Va + iJh- s/cl 

51. Find the square root of - 7 - 24 V- 1, and prove the result equal 
to {1 + 2 V~l}2 

52. Find square roots of 280 + 56>/2i, and 43 + 12^77 

53. Reduce to its simplest form — 

( V2 + >/3+ V5) (V2~- V3 + ^)-^J^ • 
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54. Find the square root of 2 + 2^1 - a^ 

55. Find the expression whose square is 3x - 1 + sVSz* + x - 6. 

56. Find the square root of 2 V- 1 in the lorma + fi*/- 1. 

57. Simplify [(a + 6)i-(a-6)i][(a + 6)f + (a-6)l + (a«-6*)i]. 

58. Distingoish a', 3a, -— , ai, — , a~^ ; when a =8. 

3 a 

59. Extract the square root of 

a5-(P + 4c*±2V4a6c"-a6d». 

60. Find the 8a» root of 1679616 ; the 6*^ root of 4826809 ; and the 
9*** root of 134217728. 



61. Prove that 



-^A^=o. 



V11-2V30 V7-2V10 V8 + 4^3 

62. Multiply aix~i + a~ixl + aix~i + a~ W, by aix~i - 1 + a~ixi, 
and prove the truth of your result by division. 

63. Find the square root of flC*-2V^ + 2(^3 + 1)3^*- 2^6* + 3. 

64. Find the cube root of 50 + 19 VtT 

65. Multiply x* + l+x~l by x~\ -1 + xh; and divide 

rf-x*-4a:f + 6a;-8x*byxf-4x* + 2. 

66. Ifa= ^^~\ prove that 8a; Vr^= »JlO-%JE' 

4 

67. Find the square root of 2{1 + Vl + x*} + x*. 

3V3 + 2>/2 



68. Rationalise the denominator of 



69. Simplify ^±^Z? + 



3>/3-2^/5 



2-V-3 2 + ^/-3 l-V-3 

70. If V2 = 1-414 find the value of ^ ,_ + — - ^^^^±i. 

3-V2 \/2 V2-I 

71. Find the square root of (L) 12 + 2^6 + 2^14 + 2^21 and of (ii.) 
22 + 6V2 + 6V1I + 2V22. 

72. Find the cube root of 72 + 32 V5. 
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73. Prove that the product of two dissimUar quadratic surds cannot be 
a rational quantity. 

74 Prove that a quadratic surd cannot be equal to the sum or the 
difference of two dissi/m/Uar quadratic surds. 



75. Simplify 



a/i + x-Vi-oc Vl + x + s/l-a; 

J. . — . 

VTTx + Vl— a; Vl + x-Vl— X 



VIL— PROGRESSIONS. 

1. An Ariihmdical Progression is a series of terms each of which 
is equal to the preceding term + a constant quantity, called the 
common difference, which may be either positive or negative. 

In a given A. P. let a=lst term ; d= common differences^ any term- 
preceding term ; 71= number of terms ; Z=w** or last term=a + {n— l)d ; 
i8f=sum of first n terms. 

Thusfif=a + (a+(0 + (a+2i)+ , , . +1 

and S=Z + (Z - d) + (Z— 2<i) + .... + a by reversion of the series. 

.-. by addition 2S=(a+l) + {a + l) + {a + l) + , . . +(a + Z)=n{a + Z) 
...5=|(a+Z)=|{2a+(n-iy}. 

2. To insert m Arithmetic Means between p and q, that is, to 
find an A. P. of m+2 terms, of which p and q are the 1st and 
(w+2)*^ terms respectively. 

Let d be the common difference of the required A. P. 

Then g =|? + (m + 2 - l)d, ,\ d= -^-^ and the Mecms are 

m+ J 

p + d,p + 2d,p + Zd,,..p + {m- l)d. 

3. A Geometrical Progression is a series of terms each of which 
is equal to the preceding term x a constant quantity, called thr 
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common ratio, which may be either positive or negative, and either 
> or <1. 

In a given G. P. let a=lst tenn; r=common ra<to=any term -7- 
preceding term; n= number of terms; Z=n'* or last term=af*"^ ; 
i9=sum of first n terms. 

Thus 8='a + ar+ . . . +af""2+af"'"S 
,\ r8=i ar + an^ + .. . +af*~^ + af*, 



. •. by subtraction (l—r)8=a - af* = a(l — r**) 

«__a(l— 7^)__a(7^— l)__r/— a 
1— r "" r— 1 ""r— 1 

If r is < 1 and n= 00 , then 7^=0 

and 5 (i.e. the Sum to infinity) =- 

4. To insert m Geometric Means between p and q, that is, to 
find a G. P. of m+2 terms, of which p and q are the 1st and 
{m+2)^ terms respectively. 

Let r be the required common ratio. Then 

q-.pjjm+2-i .^ x_ym+i . y_- ^ /X . and the Means are 

5. ^71 Harmonical Progression is a series of terms the reciprocals 
of which are in Arithmetical Progression. 

e.flr. a, 6, c, d ... are in H. P. if — , -=-, — , — . . . are in A. P. 

a^ c a 

To insert means or to continue a series either way, invert and proceed 
as for A. P. and then invert back again. 
There is no formula in this case for 8. 

6. If three quantities a, 6, c are in H. P. then — , -^. — are in A. P. 

a c 

• JL_Jl=JL_Jl • a-hjb-c , 
" h a" c 6 ' * ' ah "^ he * 

a a—h . * , , 

. . — =T i » ' a : c : : a-6 : 6 — c. 

c b—c 
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In tDords this result is ; three quantities are in EL P. if the first 
is to the third as the first minus the second is to the second 
minus the third. 

7. Let A,G,Hhe respectively the Arithmetic Mean, the Greometric 
Mean or Mean Proportional, and the Harmonic Mean between any two 
quantities a and b, so that a, A, b are in A. P., a, (r, b are in G. P., and 
a, £, & are in H. P. Then by the Definitions 

a-k-b 



A-a^b-A .•.^=' 



2 



a (r 
,1111211^ 



%ah 



H a b H'"H a b'' a + b 

Therefore ^ . fl"=^ . ^=ab=€P. 

2 a + b 

ie. The Geometric Mean between any two quantities is also 
the Geometric Mean between the Arithmetic and Harmonic 
Means of the same two quantities. 

8. Examples, (i.) Find five numbers in Arithmetical Progres- 
sion, such that their sum =55, and the sum of their squares =765. 

Let the numbers be a; - 2y, a; - y, x, a; + y, a; + 2y, 

.'. a;-2y + a;-y + a; + a + y + a; + 2y=55, .•.5a;=55, /. x=ll, 

.-. (Il-2y)2 + (ll-y)2 + ll2 + (ll + y)2+(ll + 2y)2=765. 

/. 121-44y + 4y2+121-22y + y2+i21+121 + 22y + y2 + i21 + 44y 

+ 4y2=765, 

.-. 10^2=765-605=160, /. y^^ie, /. y= ±4. 

Therefore the numbers are 3, 7, 11, 15, and 19. Ans. 

(ii.) If a, ft, c, d be any four consecutive terms of an A. P. 
prove that hc-~ad\'& positive. 

Let the terms be a; - 3y, a; - y, « + y, a; + 3y ; 
then bc-ad^{x- y){x + y) - (a; - 3y)(a; + Zy)=(x? - y'- (a;* - 9y') 
— Sy% which is necessarily positive being a square. 

[Notice that x in these two examples is taken as the middle of the 
A. P. whether there be a term there or not.] 
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(iii.) To find the sum of the first n natural nmnbers. 

i8f=l + 2 + 3+ . .. +n 

=«n+ +1 

. o_ n(n-H) 

(iy.) To find the smn of the first n odd natural numbers. 

i8f=l+3+5+ ... +(2n-l) 

= |{2 + (n-l)2}=n«. 



EXAMPLES. VII. 

1. Sum _- + __ + _-. . . . and -_ + —. + _.+. . . each to 7 terms. 

23 6 239 

2. The first term of an A. P. is n^-'n+ 1, the common difference 2, 
and the nnmber of terms n. Find the sum. 

3. Sum l'3 + 3'5 + 5-7+.. .ton terms. 

4. There are n Arithmetic Means between 1 and 31 and the 7^ : the 
(n-l)*^::5:9. Rndtk 

5. Sum5 + 20 + 80 + . . . andi + -l- + ^+. .. eachtoSterms. 

6. Smnl-|.+l-...and?±f+^Zf?+/^%...eachtooc. 

6 26 a-x a+x \a+x/ 

7. Continue the H. P. 2, 3, 6 to 3 terms both ways. 

8. Insert 6 Harmonic Means between 3 and — -. 

23 

9. Find a fourth harmonical proportional to 6^ 8, and 12. 

10. Sum the foDowing series : — 

(i.) 2 + 5 + 8 + 11 + . . . tonterms. 
(iL) 2— 6— 12— . . . tonterms. 
(iii) 8+4+2 + .. . to 15 terms. 
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5 11 

O 2s O 

(vi.) 2— +3— + 4r^ + . .. toStenna. 

^ D lo 

41-1-1 

11. If a, 6, na are in A. P., prove that a, 6, — ^& are in G. P. 

12. Find (iS) the sum of 2n terms of a + (a-6) + (a-26)+ . . . What 
is the least number of terms reckoned from a that will make 8 negative ? 

What is the value of 8 when &s— ? 

n 

13. Show that the product of any odd number of consecutive terms of 
a G. P. will be equal to the n^ power of the middle term, n being the 
number of terms. 

14. The first 2 terms of an infinite G. P. are together equal to 1, and 
every term is twice the sum of all the terms that follow. Find the 
series. 

15. In any G. P. if the sum of the first 2n terms be p times that of the 
first n, and the sum of 4n be g times that of 27i, then {p-\)'^=q—l, 

16. The first term of a G. P., whose common ratio is — , is 2**, show that 
the sum of all the terms after the n'* is 2. 

17. If — + — =7 — + T — > prove that a^h^c are in H. P. 

a c o—a b—c 

18. If the m** term of an H. P.=», and the w**=m, prove that the 
(m + 7i)** term^ ^ 



fn+n 



19. A man borrows every year £25, upon which he pays interest at 
the rate of 4 per cent per annum. In how long a time will the interest 
that he has paid amount to ^91 ? 

20. The A. M. between a and 6=(l + a;«)2 and the H. M. = (l-a:2)2^ 
Find the G. M., and determine also a and b, 

21. The common difference of 4 numbers in A. P. is 1, and their pro- 
duct 120. Find them. 
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22. Find 6 numbers in A. P. such that their sum » 48 and the sum of 
their squares » 454. 

23. The sum of 7 numbers in A. P. is 28, and the sum of their cubes 
is 784 Find the series. 

24. Find 4 numbers in A. P. such that, if 2, 4, 8, 15 be added to them 
respectively, the sums shall be in G. P. 

25. If a, &, c, (2 be 4 consecutiTe terms of an A. P., show that he -ad 
must be positive. 

26. The sum of 3 numbers in H. P. is 11, and the sum of their squares 
is 49. Find them. 

27. If 4 quantities are in A. P. or in G. P., prove that the sum w the 
product of the extremes = the sum or the product of the means. 

28. Prove that he-a\ ca-l^y and a6 - c* are in A. P., if a, 6, c are 
in A. P. 

29. If the (»- 1)** and (n+ 1)** tenns of a G. P. are the A. M. and 
H. M. between any two quantities, prove that the n^ term is the G. M. 
between the same. 

30. Find the number of terms of the series 24 + 21 + 18 + ... of which 
78 is the sum, and explain the double answer. 

31. If «s 6, r are in H. P., and x is the H. Mean between a and 6, and 
y the H. Mean between 6 and c, prove that x, 6, y are in H. P. 

32. If a, 6, and c are in haimonical progression, show that 

r±4.i] [1+1-11=1 3 

La cJL6 c a J. ac in^ 

33^ Between two quantities A and B a harmonic mean H is inserted. 
Between A and H and between H and B geometric means G^ and 6, 
are inserted, and it is found that O^, JZ, 6, are in A. P. Find the ratio 
of jito & 

34 Insert 9 Arithmetic Means between 9 and 109 ; and if 9 be the 
aeoond tenn of the series find the 500th. 

35^ If ^=«»-«'"', Si=«*»-«~^, • . . etc., prove that 
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36. Sum the series 

(i-) -^+3 + — + — + ... to 16 terms. 

and (u.; + + + ... to n terms. 

n n n 

37. Find the siim of 8, 7 J, 6f ... to 19 terms ; and find how many 
terms of the series 1, 3, 5, 7 . . . most be added together to make the 
6th power of 12. 

38. To each of three consecutive terms of a geometrical series the 
second of the three is added. Show that the three resulting quantities 
are in harmonical progression. 

39. Find the sums of the series — 

»y ^ O 

(L) 1 +-. + _.+-— + ... to 25 terms, 

and (u.) 1 + _+_+_+ ... to infinity. 

40. Find the ratio of two numbers the arithmetic mean of which is 
— of the geometric mean. 

41. Fifty stones are placed in a straight line upon the ground at the 
distance of one yard from one another. How far will a person walk in 
bringing them one by one to a basket which is placed one yard from 
the first stone ? 

42. Find 3 numbers in A. P. such that their sum =15, and the sum of 
their cubes =495. 

43. If a + 6 + c=2«, and if «-a be the geometric mean between «- 6 
and « - c, prove that 2(s - a) will be the harmonic mean between h and c. 

44. Find the sum of 2n + 1 terms of the series a, a + (£, a -I- 2(2, . . . 
beginning with the {n + 1)** term. 

45. If a, 6, c, (£, « are in G. P. prove that c(a + 2c + e) = (6 + (£)'. 

46. Find 4 numbers in A. P. such that their common difference is 3 
and their product 280. 
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47. There are p arithmetical progressions each beginning from nnitj) 
the common differences are 1, 2, 3 ... j? ; show that the sum of their n'* 

2 

48. The sum of 4 numbers in A. P. is 56 and the sum of their squares 
is 864. Find them. 

49. Find the 28th term of the series 13, 12§, 12}, etc. 

50. Sum the series 2 — + + ...tooo. 

3 18 108 

51. Sum to 00 the series 



=: + etc. 



V2(l + V2) (1 + V2)(2 + V2) (2 + V2)(3 + 2^2) 

52. The difference between two numbers is 48, and their arithmetic 
mean exceeds their geometric by 18. Find the numbers. 

53. ProTethati + --4=---I-_ , . . tooo = ^"~^^~^ . 

3 6V-1 12 15 

54. Sumi--„-^ + JL_ -JL.,+ . .. tooo. 

3 3.2 3.22 3 23 

55. Find three whole numbers in A. P. such that the square of the 
least added to the product of the two greater maj make 28, but the 
square of the greatest added to the product of the two less may make 44. 

56. The sum of the first two terms of an A. P. is 18 and of the next 
three terms is 12. How many terms must be taken to make 128 ? 

57. If 3 quantities are in an increasing A. P., show that the second has 
to the first a greater ratio than the third to the second. 

58. In any H. P. the product of the first two terms is to the product 
of any two adjacent terms as the difference between the first two is to 
the difference between the other two. 

59. The sum of n arithmetic means between 1 and 19 is to the sum of 
the first 71— 2 of them as 5 : 3. Find the means. 

60. If 4 positiye quantities be in G. P. the sum of the two extremes is 
greater than the sum of the two means. 
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VIII.— PERMUTATIONS, COMBINATIONS, AND 

PROBABILITIES. 

1. Definiiums, 

(L) By the number of PermtUatums of n things r at a time is 
meant the number of differently arranged sets, each containing 
r things which can be formed out of the n things. It is repre- 
sented by the symbol nPf 

(iL) By the number of CombinaHons is meant the number of 
different sets of r things which may be selected out of the n 
things, without regard to the arrangement of the r things in 
each set It is represented by the symbol nCV. 

2. Tofindn/^f- 

Let the n things be denoted by the letters a, 6, c, (2. . . . Omit one of 
the letters, say a, and form the remaining n - 1 letters into permutations 
taken r- 1 at a time ; their number will be represented by the symbol 
^.jP^.j. Then before each of these permutations place a ; we thus get 
^^iPr-i permutations of n things taken r together in each of which a 
stands first ; and if in the same way each of the n letters a, &, c, d . . . 
be put first in turn, we shall get all the possible permutations. Therefore 

Similarly, ,-iPr-i=(»- l)m-«^r-i 

• • • ^^ • • • • • • • 

=(»i-r + 2)(n-r + l). 

For »_r+i-Pij ♦•*• uumber of permutations of n-r+1 things 1 at a 
time, clearly=n— r+1. 

Multiply together all the equations and cancel out like £EU^rs. 

Thus,iPr=«(n-l)(«-2) . . . (fi-r+1). 

[Notice that there are r factors on the right-hand side.] 
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Hence »Pn=n(n— l)(n— 2) ...2.1, which is written |n, 
and read factorial n, 

3. To find nCr. 

(i.) Each combination of r things produces by itself r^r^jjl perniuta- 
tions. 



Hence ^(7, 



, ^«fr^ ^(n-l)...(n-r-H) L^ 



IJL 



7i-r 



Thus «Cn-r=--— #-7:-— v = rr-!=nr=nC'r. 



n—r 



n— (w— r) l»— r|r 



(iL) This value of JO^ may also be obtained directly in the same way 
as that of ^P^ in § 2, as follows. 

The number of combinations r - 1 at a time which can be formed out 
of the n- 1 things 6, c, <2 . . . A; is denoted by ,»_iCy_i. Replace a. We 
thus get «_i(v_i combination of n things r at a time which contain one 
particular thing a. The same may be said of each of the n things. But 
in this way every combination would occur r times according as we began 
by omitting in turn each of the r things contained in it. 

. rr __ w p 

T 

Similarly, ._xC,_,-^J,_,0,., 



ri n-r + 2 ^ n-r + 2, , ^x 

Multiply together all the equations, and cancel out like factors. 
Thus ,c^-*>(^-l)-;-(*^-'- + l). 



4. The number of Permutations of n things taken all at a. 



time, of which p are of one kind, a of another, etc., is !== 

IZli.--- 

For, let N=^ the required number. Then if we change the p like things 
and make them all different, we can change their positions in | p ways 
among themselves : thus we should multiply Nhy\p. Similarly for all 
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the other like things. Thus eventually we should make all the n things 
different, and should get 

JVx|^x|^x...=.P^=|n, 
• JVs= 1= 

e,g. The number of different words which can be made out of 
the letters of Mimssxpfjpi 

_ |n 11.10.9.8.7.6.5.4.3.2 

"LtlAll" 4.3.2.4.3.2.2 -^4650. 

5. Complementary Combinations. 

Whenever we take a set of r things oat of n we leave behind 
a corresponding set of n— r things; such sets are called comple- 
mentary. Hence it is clear that %Cr=nPn-n ^ ^^ proved other- 
wise in § 3. 

6. To find for what value of r, nOr is greatest 

We have 
^ _ n(n-l) ^ _ n(?i + l)(n-2) ^ _ n(n-l). .. (n-r+1) 

•^'«"' 1.2 ' -^» 1.2.3 '®^- • • • -^' 1.2.. .r ' 

therefore the value of JO^ as we give to r successive integral values, will 
begin to decrease after that the last introduced factor in the numerator 
is the number next greater than or equal to the last factor in the de- 
nominator. 

(L) Let n be odd. Then *.* the sum of the two last fSa<^rs always 

n{n-l) . . . (-^-) 
»n + l, .". when »0,= ,. the last two new factors 

are equal, and therefore ^Cy is greatest in value when r= — -— or ^~ 



2 



41 

(ii.) Let n be even. Then when T=—f 



n(«-l)... g + l) 



,0,= ^^^ -, and ,Cy is greatest in value. 

2" 



X • iU • • . -— - 
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7, The following results are of great importance in working 
out examples. 

(i.) Suppose there are 2 sets (A, B) containing respectively m, n 
things ; then the number of ways in which a set, which shall contain p 
things from A and q things from B, can be selected =mOpX«0,. For 
each selection from A can be combined with each selection from B. 

(ii.) To find the number of permutations under the same conditions, we 
must suppose first a selection of (^ + g) things to be made, and then these 
{jp + q) things arranged amongst themselves in the \ p + q possible ways. 

We thus get jOp x ^0, x \ p-\-q . 

These two results may be extended to any number of sets A, B, C . . . 

(iiL) To find the number of permutations or combinations under certain 
restrictions as in the following example : — In how many ways can a party 
pf 4 ladies and 4 gentlemen be chosen from 10 ladies and 8 gentlemen, so 
as always to include a particular lady and at the same time to exclude a 
particular gentleman ? 

In this case since we have one lady fixed we must choose 3 more fr^m 
the remaining 9 ; this can be done in ^Cz different ways. And since 1 
gentleman is entirely excluded, we have to choose 4 from the remaining 7 ; 
this can be done in 7O4 ways. Therefore the number of different 
ways =9(7* X 7(74 

_9.8.7 7.6.5.4 _gQ.Q 

8. If an event must happen in one of n different and equally 
likely ways, then the chaiice or probaMUy of the event happening 

in any particular one of the n ways is —, if we represent certainty 

/• 

by 1. 

For let 2= the required chance ; then since the event must happen, 
.'. the sum of all the n separate equal probabilities must be certainty, 

.*. naj=l, and .*. a=~' 

e.g. If a sovereign is known to be in one of 10 boxes, the chance of 
opening at random the right box and finding the sovereign is ^. And 
the expectation or money value of the chance would he ^ of £l = 2a. 
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9. Similarly the chance of an event happening in any one of 

iti particular ways out of the n different ways is — . 

n 

e,g. If it is known that 3 out of the 10 boxes each contain a soTereign, 
the chance of finding a soTereign at the first trial is ^ ; and the ea^pecto- 
tion in this case = yJj of ^1 — 6s. 

10. By the odds for or against an event is meant the ratio of 
the chance of its happening to the chance of its failing, or 
vice versa. 

Thus if an eyent may happen in a ways and fail in 6, the chances of its 
happening and fEuling are — ^ and — =- respectively ; and the odds for 

and against are a : h and h : a respectively. 
Again, if there are are three events A, B, C which can happen in a, &, c 

ways respectively, then the chance of A's happening is — \ — ; of B's 

a+6 + c 

h c 

is — =■ — and of C's — t — > sJid similarly for any number of events. 
a + o-i-r a + o + c 

e.g. A bag contains 3 white, 4 red, and 5 black balls. One is draw at 

3 3 1 

random. The chance that it is white =- — - — =— = — ; that it is 

3 + 4 + 5 12 4 

reds--ss -- ; and that it is black = — - . And the som of these separate 
12 3 ' 12 *^ 

chances is ^ + ^ + ^^=h as it should be, for it is certain that the 
ball drawn must be either white, red, or black. 

11. Compound Chances. — Let the chance of the happening of an 
event (A) depend upon two other events (B) and (C), of which 
B can happen in (Zi ways and fail in bi, and C can happen in a^ 
ways and fail in 6, ; so that their separate simple chances of 

happening are — ^j- and — *-i-. 

Then the whole number of favourable cases will be found by combining 
each favourable case of B with each favourable case of C, and is therefore 
equal to OiOs ; also the total number of cases possible ^(oi + b^i<h + &t) 
in the same way. 
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Therefore by first principles chance of A happening 

= / — i-jr\7^ — Ti~\^ — ri~ X — ri-= product of the simple chances 
of the separate events. 

Similarly the chance of both B and C failing = , =-^ — —=-r • 

of B failing andC happenings^ ^4^^? j-r ; and of B hap- 

pening and C failing=, ^,?\^ — -^. The sum of these 

(ai+Ji)(a,+6a) 

separate chances 

aia2+6ift3+6ia2+^i^2_-i 

((ii+bi){a2+b2) ' 

e.g. The chance that an ace will be thrown twice in succession by a 

single die=i-x 1 = 1. 

Similarly, if A depeods upon more than two events, the com- 
pound chance A will be the product of the separate simple chances 
upon which it depends. 

12. We will consider next the case of successive trials where 
the number of favourable (a) and unfavourable (b) cases for each 
event remains the same. By § 11 the chance that in n trials 

the event should happen each time =- 7^-, and that it should 

fail each time=^ 7^. That it should happen only one sped- 

fied time, and therefore fail the other n— 1 times =-?5 — ^—: but 

if it may happen any one time, the possible ways are increased 

n times, and the chance would be ^^. That it should happen 

{a+b)^ 

only r specified times, and fail in the remaining n—r trials 
= — — — , but if it may happen any r times, the possible ways are 

increased ^\^"" ^ ' ' ' ^^~ "*" ^ times, this fraction being the 
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number of combinations of n things r at a time, that is, the 
number of ways in which the r times may occur. 

t,g. The chance that in 5 throws with'a single die the second and third 
W(Xy should be aces is jT^h'^ff^ 

And the chance that any 2 throws out of 5, but 2 ovXy^ should be aces, 
. 5_^ jr^ ^1260^^26 
^1.2' (l + 5)*"7776'"3888' 

13. jS%tZ/. By a man*s skill in a game is meant the chance of 
his winning any given game ; for instance, if A's skill is to B's 
skill as 2 : 3, then on an average A wins 2 games out of 5, or his 
chance of winning any particular game is |. 



EXAMPLES. VI 1 1. 

1. How many words of 4 consonants and 1 vowel can be made out of 
12 consonants and 5 vowels ? 

2. How many different permutations can be made of the letters of the 
word MsencM, and how many of these will begin with n and end with < 7 

3. If ^Cy is the number of combinations of n things taken r together, 

\n 
show that wx^_iO,._i=rx ^(7„ assuming that ^Cy=. — 7^1". 

4. Find the number of different permutations that can be made of 
the letters in q?}^(^ written at full length 

5. In how many selections of 6 things out of 10 will two particular 
things a and 6 occur ? 

6. In how many different ways may the letters of the word i^9erioa- 
tory be written ? 

7. Find the number of different triangles which may be formed by 
joining the angular points of a polygon of m sides inscribed in a circle, — 
e,g, a hexagon. 

8. Given that ^P,. : ^P,_i : : 10 : 1, and ^0, : ^0,_i :: 5 : 3, find n 
andr. 

E 
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9. If the faces of one of two dice were marked from 1 to 6, and of the 
other from 5 to 10, how many different throws could be made '? 

10. Find the value of n when Ju^= \%Xj^ 

11. In how many ways can the crew of an eight-oar be selected from 
12 men, of whom 10 can row and cannot steer, one can steer and cannot 
row, and one can both row and steer ? 

12. A committee of 7 is to be chosen from 13 candidates, of whom 6 
are Liberals and 7 Conservatives. In how many ways can the selection 
be made so as to give a Liberal majority % 

13. In how many ways may the 5 letters a, &, c, (2, t be arranged so 
that no one of them is removed more than one place at most from its 
alphabetical order ? 

14. On a railway there are 15 stations ; find how many tickets are 
required in order to travel from any one station to any other. 

15. Find all the permutations which can be made out of the letters of 
the word BoMcaXaMrevA taken all together. 

16. Out of a company of soldiers, pickets of 3 were to be selected, and 
it was found that the number of different pickets was 1027 times the 
number of men in the company. What was that number ? 

17. The number of combinations of 10 things r together, when two 
specified things occur in each combination, is one-fifteenth of the whole 
number of combination of 10 things r together. Find r. 

18. In how many ways may 3 scholarships be awarded amongst 36 
candidates — (L) neglecting the order in which any 3 selected are placed ; 
(ii.) taking the order into account % 

19. A party of 5 ladies and 3 gentlemen is to be selected from 10 
ladies and 8 gentlemen ; in how many ways can this be done ? In how 
many of these ways will a particular lady be included and a particular 
gentleman excluded ? 

20. In how many ways can a necklace be strung with 3 red beads, 
4 blue, 5 yellow, and 10 white ? 

21. Find the value of n when the number of permutations of n things 
4 together is 15 times the number of combinations of n + 1 things 3 
together. 
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22. One family consists of 4 sons and 5 daughters, and another family 
of 7 sons and 6 daughters. In how many ways could a marriage be 
arranged between the two families, provided only that the youngest son 
or daughter of one family does not many the eldest daughter or son of 
the other ? 

23. A bag contains n sovereigns and n shillings. Prove that the 

number of different ways in which they can be drawn out in succession, 

^ ^. . 1.3.5. . . (2n-l) ^ 
one at a tmie, is ; — ^ x 2*. 



24. There are 5 flags of one kind, 7 of another, and 8 of a third kind. 
How many different signals may be made, each consisting of one flag of 
each kind, the order of the three flags in each signal being taken into 
account ? 

25. In how many ways may 8 be thrown with a pair of ordinary dice ? 

26. What are the odds against a man throwing an ace twice in succes- 
sion with a single die ? 

27. Suppose two bags, each to contain a white counters and h black. 
If a man draw a counter out of each bag, what is the chance that they 
should be a white and a black ? 

28. Three bags contain each 1 red and 6 blue balls ; a ball is drawn at 
random from each ; find the chance — (i.) that all three should be red ; and 
(ii.) that all three should be blue. 

29. A board is marked with white and black one-inch squares, like a 
chess-board ; a circular counter, diameter half-an-inch, is dropped upon 
it. Find the chance that it should not touch a black square. 

30. A bag contains 5 tickets worth Is. each, 7 worth 2s. 6d., and 12 
worth 5s. If a man is allowed to draw 2, what is the value of his ex- 
pectation ? 

31. If the chance that you can solve a certain problem is ^, and the 
chance that two other particular persons cannot solve it between them 
is §, what is the chance that the problem will be solved among the three? 

• 32. Three cards are taken at random from an ordinary pack ; find the 
chance that they will consist of a knave, a queen, and a king. 

33. A bag contains three red balls and two white ones ; what is the 
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probability of taking out one white ball at least in two trials, the ball 
which is taken out first being put back again before the second trial ? 

34. If a bag contains 8 white balls and 5 black, and 7 be taken out at 
random, what is the chance that they will consist of 4 white and 3 
black? 

35. A and B play at a game which cannot be drawn, and on an average 
A wins three games out of every five. What is the chance that A should 
win three games at least out of the first five ? 

36. A ball, 1 inch in diameter, is thrown against a wire netting, the 
apertures of which are squares of 3 inches a side ; find the chance that 
it goes through without hitting a wire. The thickness of the wire may 
be neglected. 

37. What is the chance of drawing the four knaves in succession 
from a pack of cards ? 

What is the chance of drawing an ace, king, and queen in succession ? 

38. What is the chance of drawing out all one suit from a pack in 
succession ? 

39. What are the chances of throwing 7, 8, and 9 respectively in'one 
throw with two dice ? 

40. A plays 7 games with B, and A's skill is to B's skill as 2 : 3. 
Find the chance that A wins 2 games only out of the 7. 

41. Find the chance of throwing an ace and a deuce in two successive 
throws with the same die. 

42. A bag contains 3 white, 4 black, and 7 red balls. Find the chance 
of drawing a white, a black, and a red in order in 3 successive trials. 

43. Find the chance of throwing 3 aces exactly in 5 throws with a 
single die. 

44. Find the chance of throwing 7 once at least in two trials with w 
pair of ordinary dice. 

45. Find the odds against a man throwing 5 once and 7 once with 2 
dice in three trials. 

46. Ck)mpare the chance of throwing an ace with 2 dice, with the 
^bance of throwing 5 points. 
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47. The chances that each of two men will die in a certain time are 
f and ^ respectively. Find the two probabilities that they will not both 
be dead, and that they will not both be alive at the end of that time. 

48. Given that the probability of a certain event happening is a, while 
that of a certain other event happening is &, find the probability of both 
events happening — (i.) when the two events are independent ; (iL) when 
the second event cannot happen unless the first does, and its probability 
in that case is h. 

49. Find the chance of throwing fives with two dice in three trials. 

50. From a bag containing 2 guineas, 3 sovereigns, and 5 shillings, a 
person is allowed to draw 3 coins indiscriminately. Find the value of 
his expectation. 

51. A and B play at chess and A wins on an average 2 games out of 
3. Find the chance of A winning 4 games out of the first 6 which are 
not drawn. 

52. Four flies come into a room in which there are 4 lumps of sugar 
of different degrees of attraction proportional to the numbers 8, 9, 
10, 12. Find the chance that they will all select different lumps. 

53. In a certain book-shelf 10 volumes consisting of 4 works of 1, 2, 
3, and 4 volumes respectively, are placed at random. Find the chance 
(L) that all the volumes of each work may be together ; and (ii.) that they 
may be in order. 



IX.— SCALES OF NOTATION AND PROPERTIES 

OF NUMBERS. 

1. Definition, — The Badix of a Scale of Notation is the positive 
integer which determines the local value of the digits of any 
number expressed in that scale; e.g, in the ordinary scale (radix 10) 
4376 is an abbreviation for (4xl000)+(3xl00)+(7xl0)+6, 
i,e. 4 . 10» + 3 . Ib^+T . 10+5 ; in the duodenary scale (radix 12) 
895 stands for 8 . 12^+9 . 12+5, and in the scale, radix r, would 
stand for 8 . r^ + d . r+5. 
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2. Any integer {N) may be expressed in a scale with any given 
integer (r) for its radix. 

For if we divided N by the highest power of r contained in it, and 
the remainder by the next highest, and so on, we should at last get a re- 
mainder less than r, and the successive quotients and this last remainder 
would be the successive digits in the new scale reckoned from left to 
right. This method would, however, be very laborious, and a simpler 
method is given in the next article. 

3. (i.) To change a given integer {N) from any one scale to 
any other. 

Let the radix of the new scale be r. 

Then N='p^r^ + 'p^^Y^''^ + . . . +i?ir+j)o, where p^Vn-i • . • are at 
present unknown positive integers less than r, or any one, except "p^ 
may be zero. 

Divide both sides by r : thus 

T T 

Therefore |>o=-Ro J ^^^d the other digits 2>i . . . l>n ^^^ found in the same 
way by dividing the quotients Qo Qi Qs • * > ^7 ^y ^^d taking the succes- 
sive remainders R^B^ . . , 

(iL) To express any fraction (F) in tenns of radix fractions in 

any required scale. 

Let ^= — + ^ + ^+ • • • where n^ n2 . . . are positive integers less 
than r, or any one may be zero. 
Multiply both sides by r : thus J^ + ^j=ni + -^ + -|-f ... 

T f 



Where Ji is an integer and F^ 9k proper fraction^ and -2 + 1!| + . . . ciumot 

r r^ 

r-\ 

be> 1 — 5-+. . . tooo i.c.> r i,6, > 1. 

r r^ 1 

r 

Therefore ni=Ii^ and the other digits tij) ^ • • • ^^^ found in the same 
way by taking the integral parts Jj, J3 . . . of the products of the fractions 
i^i, jPj.. ,byr. 

It will generally be best to express radix fractions in a decimal form. 
See § 4. 
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4. Examples. — (i.) Express 923-125 in the septenary scale. 

7)923 .126 

7)131,6 __ 7 

7)18,5 0875 



2,4 



6125 
.*. 923*125 in the denary scale =2456*06 in the septenary. 

(ii.) Convert 78/53 from the undenary scale to the diiodenary. 

1 2)78^53 

12)7187,7 
12)662 5 • • 78f53 in the undenary 

l o\QQ Q =56257 in the duodenary, 

[t, 6, d are employed as ahhreviations for 10, 11, and 12 when the 
radix of the scale is >10.] 

(iii) In what scale is 673 equal to the odonary number 1446 % 

6r« + 7r + 3=lx 83 + 4x82 + 4x8 + 6=806, 

.*. 6r2+ 7r- 803=0, .*. (6r + 73)(r- 11) = 0, 

.*. r=ll. That is, 673 is in the undenary scale. 

(iv.) Multiply fiiZ by 7^8 in the duodenary scale, and verify 
the result by division. 



tU3 

7e8 


7e8)68« 5470 (ties 

6788 


692tO 
93849 
660e9 

68e5470 


1294 

7e8 

6987 
6788 




leeO 
1««0 



(v.) Find the least number which, when expressed in the scale 
of 3, has zero for its 3 right-hand digits ; when in the scale of 4, 
has 2 zero digits on the right ; when in the scale of 5, has one 
zero digit on the right. 

The number must be given by the simplest integral values of x, y, z 
which satisfy x . 3^=y . 4^=z . 5. 

.*. a=42 . 6=80, and .*. the number is 2160 in the ordinary scale. 
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(vi) Find a number of 6 digits having 7 in the unit's place, 
such that if it he multiplied hy 3 the product is the same as the 
number obtained by transferring the first digit on the left to the 
right of the niunber. 

If we multiply any number ending in 7 by 3, the product must end 
in 1. Therefore 1 must be the first digit on the left of N, 

.•.wemayassumeJV=1.10* + a.lO* + 6.10' + c.l02 + d.lO + 7, (a.) 

.•.3iV=o.lO* + 6.10*+c.lO«+d. 102 + 7. 10 + 1, 03.) 

also from (a) 10JV=10«+o. 10* + 6.10* + c. lO^ + d. 10* + 7.10, (y.) 

Subtract 0) from (y), thus 7-^=10^-1=999,999, 

.•.JV=??y^= 142867. Ans. 

5. The greatest and least numbers of n digits in the scale radix 
r, are evidently (r—l)(r»-* +/»*-*+. . .+1), each digit being 
r— 1, Le. 7^—1 ; and 1 . f»*-*+0 . 7^-*+. . . +0, the first digit 
being 1 and the rest 0, i.e, f^^. 

e.g. The greatest and least 4-figure numbers in the senary scale are 
6^—1 and 6^, i,e. 1295 and 216, when expressed in the ordinary scale. 

6. To weigh any weight {e.g. 341 lbs.) by means of a series of 
1 lb., 3 lbs., 3* lbs. . . . any one of which may be placed in either 
scale-pan. 

3 )341 
3)114,-1 

3 )38, Therefore we must put 3^, 3*, 3^ in one scale- 

3)13,-1 pan, and 3^, 1 in the other. 

3)4, 1 
1, 1 

7. (L) Any number in the scale of r divided by r— 1 will 
leave the same remainder as the sum of its digits when divided 
by r— 1. 

For y«^ + - • »+Pi^+l>o ^ P«(^-l) + - - -+l>i(^-l)+l>n+» ■ «+Pi+yo 
r— 1 r— 1 

=Inteeer+ y''-^---+,y»"^^' . [See § 10, p. 2.] 

r— I 
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Therefore any number in the scale of r is divisible by r— 1 if 
the sum of its digits is divisible by r— 1. 

(ii) Any nimiber in the scale of r divided by r+1 will leave 
the same remainder as the difference between the sum of its odd 
digits and the sum of its even digits when divided by r+1* 

r+1 

r + 1 
=^Integer + ^"^^'^"^y^'""-P^'^^^ . [See § 10, p. 2.] 

Therefore any numbei; in the scale of r is divisible by r+1 if 
the difference between the sum of its odd digits and the sum of 
its even digits is either zero or divisible by r+1. 

8. Properties of numbers in the ordinary scale. 

(L) Any number when divided by 3, leaves the same remainder 
as the sum of its digits when divided by 3. 

For 1>»10'* + - ..+p^lO^+PilO+Po 

^ |>,(10»-1) + . . .+pfi9+pfi+p^ + . . .+JP1+P 

3 

= Pn 3 + • • • +1^233 +I>i3 + 3^~^ 

= Integer+fi^±i^^^t£i±£p. 

Therefore a number is divisible by 3 if the sum of its digits is 
divisible by 3. 

(iL) A number is divisible by 4 if its last two digits form a 
number which is divisible by 4. 

For any number N may be put into the form A . 10* + jjjlO +Pq. 

4 4 
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(iii) A number is divisible by 6 if it is tnen,^ and if also the 
sum of its digits is divisible by 3. [See (i.).] 

(iv.) A number is divisible by 8 if its last 3 digits form a 
number divisible by 8. 

The proof is similar to (iL) 

(V.) Any number, when divided by 9, leaves the same re- 
mainder as the sum of its digits when divided by 9. Therefore 
a number is divisible by 9 if the sum of its digits is divisible 
by 9. 

[See § 7 (L).] 

(vL) A number is divisible by 11 if the difference between the 
sum of its odd digits and the siun of its even digits is 0, or 
divisible by 11. 

(viL) A number is divisible by 12 if both (i.) and (ii.) are 
satisfied. 

(viiL) To test the accuracy of multiplication by casting out 
the nines. 

Any two numbers A and JB may be put into the forms 9x + a and 
9^ + 6 where all the letters represent positive integers. 

.-. A X ^= Slxy + (6x + ay)9 + a6=lf (9) + a6, where If (9) is used as 
an abbreviation for multiple of 9, .*. the product of A and B divided 
by 9 leaves same remainder as ab divided by 9. 

e.g. To test the truth of 257 x 606 = 155742. 

2 + 5 + 7 , 5 ^ ,6 + + 6 ,3 , ., 

— ^—=1+-, .-. a=5;and — =1 + ^^, .-.6 = 3, 

o* , . 6 Aio^ 1 + 5 + 5 + 7 + 4 + 2 24-6 

.*. — = H — . Also s= — s=2+ — . 

••99 9 9 9 

Therefore this test is satisfied, but there may be errors which it fails to 
detect. 

(ix.) Every square number is of one of the forms 6n or 6n±l. 

Any number is of one of the forms 5m, 5m ±1 or 5m ±2. Squaring 
these we get 
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25m3, 25m2±10m + l, and 25m2±20m + 4, i.e. 25m*±20m+5- 1, 
which are of the forms 

5w, 5n + 1, and hn-\. 

(x.) The product of any number (r) of consecutive integers 
is divisible by jr. 

For ^ (^-l)--« (^-^+1) ^^(7^ [-gee p. 60, § 3], i.e. the number of 

t 
combinations of n things r at a time, which from its meaning is 

necessarily a wkoU number. 

(xi.) To prove the rule for converting a Kecurring Decimal (B) 
into an equivalent Vulgar Fraction. 

Let D= 'PQQQ . . . where P is the part that does not recur and con- 
sists of |> digits, and Q is the recurring part consisting of q digits. 

Thus 

y. P , / Q , Q , Q ^ ,^^\ 

= 1& + /^"~r\- [See p. 52, § 3.] 



lO" lO'Ciofl-i) 
^ (P.ioq+Q)-P 

(10«-1)10P * 

Therefore D=a fraction whose numerator is got by subtracting the 
non-recurring part from the whole number, and whose denominator 
consists of as many nines as there are figures in the recurring part 
followed by as many ciphers as there are figures in the non-recurring part. 

(xii.) A prime is a number which is divisible by no integer 
but 1. 

e,g, 1, 3, 5, 7, 11, 13, 17 . . . 9.Te primes. 

(xiii.) Two numbers are said to be prime to one another when 
they have no common divisor but 1. 

e,g. 7 and 12 ; 36 and 55. 
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fxiv.) The namber of primes is in&iiteL 

For if ve taike all the piiai» aheadj fooihiL moltipij them together 
and add 1 to their |«odiict, it is erident that the icsolt is diriaible by 
nose of them, and is therefore a new prime. 

[In the foOoving ^9-14 odIt prnTtw quantities are considered.] 

9. The Arithmetic Mean k greater and the Harmonic Mean is 
le^ than the €>eometric Mean between the same two quantities. 

For ( ^'« — ^'&:*=« - 2% a^ — & is alvaT5>i\ eTerr sqnare being neces- 



Agiin, bj I 7, p. 53. (H JL> x (AJi.' ={GJ1. *, .-. H.M. is <G.M. 



m — ^ .^ ^ _ 

atrilj apoMfiflv qnantitT, .". a + V>% ^ ah, -"- — ^ >% ab £.«. A3L>G.M. 



10. If there are any number of unequal firactions ^, ^ . . . 

then «i«i± /^«^^+ L^ Kes in ralae between the grmMl and the 
91^61+11136, + — 

lead of the given fractions. 

Forkt*!^, ^ be the graalest and kist fractions icspcctiTely, 
K 6. 






M,a^-f-a%a3+ — +"V*r — <^V**A + ""A + — *"A+ • • •) 



. nA+jfh&i^^^^r. SinukriywecanpioTOit>t*. 

■•A + "465 -r . . . 6^ 6, 



a,+rt*-5-. 



If vepat ■i^=W2=...=l,weget that v^^^^ * "' hea in Talue be- 
tween the greatest and least ^ jT' 5^ • • • 
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1 1. (L) If the sum of two quantities x and y is constant (C), 
their jTnx^fic^ ay is greatest when they are eqiud. 

For,xy= ^^'^y^*7^^"y ^= ^"^f~y)^ , which is the greatest when 

4 4 

X — ]f — Oy i.e. when x=y. 

(iL) Conversely. If the product of two quantities is constant 
(C), their sum is least when they are equal 

For then (x + y)*= (x - y)* + 4C, /. x + y is least when x = y. 

12. The AM. of any numher of quantities ai, a^, a, . . . a. 
i8>their G.M., ».«. <*t+^«+ ■ ■ +«h i8>(aia, . . . a,)^. 

A 

Let their snm he denoted hy 5, which is eonstawt : then if any two, as 
a^ a^ are %aieqwdy we can make their prodnct greater, without altering 

their sum hy making them hoth equal to '' * [see § 11 (L)] ; and hy 

proceeding in this way we can make the quantities as nearly equal as we 
please. Thus the product a^p^ ... a. is greatest when they are all 

eqoaly «.e. when each =— , and then the product = ( — ] . 
Therefore ( — ) iaxs^a, . . . a^ 

.0^ + 0,+ ... +a, j^^ {a,a^... ajT. 

13. If o, 5, cbe such that any two are together > the third, 

(L) 2{hc+ca+ab) i8>a*+^'+c% 
and(ii.) (a+6+c)* i8>2(a•+&•+cO• 
(i.) For a + 6>c, .". a>c-h, /. a^>l^ - 9bc -b (^y 
.*. 25c is>6» + c*-a2; similarly 2ca>c* + a*-6* and 2a5>a* + 6«-c*, 
.*. by addition 2{hc + ca + (ib) >a* + 6^ + c*. 

(ii.) For a(a + 6 + c) is>a(a + a), i.e, >2a\ 

Similarly, h(a + h + c) is>26^ and c{a-{-b + e) is>2c*. 
And .-. by addition (a + 6 + c)^ la>2{a^ + 6* + c«). 
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14. To prove that a»+5» is >a«6+aft*. 

Whether a be>6 or 6 be>a, (a' — 6^) and {a-h) have the same sign, 
therefore 

(a^ - h'^){a - h) is positive, 
.\a^-a^h-ah^ + ¥\a >0, 
.•.«» + 63 is >a26 + a6*. 
Similarly it can be proved that 

^m+n^ jm+n ig >a"^6** + a**6'" where m, n are any positive integers. 



EXAMPLES. IX. 

1. Given 222*22, in the scale whose radix is 5, reduce it to the denary 
scale. 

2. Transform 25603 from the nonary to the septenary scale. 

3. Multiply 1024 by 249 in the duodenary scale. 

4. Find the square of 2341 in the quinary scale. 

5. Divide 29^96580 by m^ in the scale of 12. 

6. Transform 23784 and 587 from the scale of 9 to that of 12. 

7. Transform the ordinary number 26*5 to the quaternary scale. 

8. Express 7631 in the scales of 2 and 20. 

9. Find the square root of ^efOOl in the scale of 12. 

10. How may 1319 lbs. be weighed by the series of weights 1 lb. 
3 lbs., 9 lbs., 27 lbs., etc. ? 

11. Transform 1'23 from the septenary to the denary scale. 

12. In what scale will the double of the ordinary number 145 be ex- 
pressed by the same digits ] 

13. In what scale is the denary number 4954 expressed by 20305 X 

14. Express the circulating decimal *9 as a geometrical series, and 
hence find its value. 
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15. Find the number which is expressed by the same two digits, 
whether the scale be 7 or 9. 

16. Find the square root of 25400544 in the senary scale. 

17. How may 2304 in the quinary scale be expressed by terms of the 
series ±1, ±3, ±3«, ±33.. .? 

18. In what scale of notation will the ordinary number 16000 be 
expressed by 1003000 ? 

19. There is a number consisting of three digits in G. P. The number 
is to the sum of its digits as 124 : 7, and if 594 be added to it, the digits 
will be inverted ; what is it ? 

20. Proye that any number of 4 digits is divisible by 7, if the first and 
last digits be the same, and the digit in the hundreds' place be double 
that in the tens' place. 

21. What is the least number by which 2205 must be multiplied so 
that the product may be a perfect cube ? 

22. Prove that n* + ^r^ - h^ - 2w is divisible by 24 if n be any positive 
integer greater than 2. 

23. Prove that the difference between any integer and its cube is a 
multiple of 6. 

24. If a3-63 is divisible by 3, then (a±A;)3-(6±A;)3 will also be 
divisible by 3 where ^ is any integer. 

25. If 71 is an ocW integer, ^-^~- - is an integer. 

26. If n be any oM square number > 1, (n + 3)(n + 7) is divisible by 32. 

27. No number which is a 'perfect squan'e can, when divided by 3, leave 
2 as a remainder. 

28. If n be an evefii integer, then n{n^ + 20) is divisible by 24. 

29. Every cube number is of the form 7% or 7n±l. 

30. If the number expressed by the last n digits of a number be 
divisible by 2", the number itself is divisible by 2'*. 

31. If n be any whole number >2, prove that n(7i*-l)(w'-4) is a 
multiple of 120. 
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32. If a, (, c are in H.P., prove o'+c*>26*. 

33. Prove that if w be any positive integer, ^(^ + ^)(2^ + l) jg ^n 

6 

integer. 

34. If there be n figures in the square root of a number, there cannot 
be more than 2n or less than (2n - 1} figures in the number itself. 

35. If any four consecutive odd numbers be multiplied together, and 
16 be added to £he product, prove that the result is an exact square. 



X.— BINOMIAL THEOREM. 

1. To find the product of any number of Binomial Factors of ike 
form (ar+a), and thence to deduce the Binomial Theorem^ that is, the 
expansion of {X'\-aY in a series of descending powers of Xy when n is 
a positive integer, 

(a.) By ordinary multiplication we get [see p. 2, § 9], 

(a; + a)(a;+6)(x + c)=x?+(o+6 + c)a!*+(a6 + a<; + 6c)x+aftc, 

and (x+a)(x + 6)(«+c)(x+d)«=jc*+(a + 6+c+d)x' 

•^{ctb + ac-^ad-\-bc + M+ed)3?+{hcd + aed-^ahd-i-ahc)x-\-ah€d, 

In each of these results we notice that the following laws hold : — 

(L) Index of highest power of x= number of Binomial Factors. 

(iL) Co-efficient of same = 1. 

(iiL) Indices of succeeding terms decrease by 1. 

(iv.) Number of terms = number of Factors + 1. 

(v.) Co-efficient of 2d Term := Sum of 2d Terms of Binomial Factors ; 

3d Teim=Sumof Products of 2d Terms 2 at a time ; 
4th Term- „ „ 3 „ 

etc. etc. etc . . . 
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(vL) Last Term = Product of 2d Terms of Factors. 
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Now a««ume that these laws hold for (w. - 1) factors where n is any 
positive integer ; that is, that 

where ^i=a + 6 + c + . . . + &. 
^2=ct6 + aiA-\rhc^r, , . = sum of products 2 at a time ; 



l^n-x—^^ ... A; = product of all the second terms. 

Multiply both sides by a new n'* binomial factor a; + Z. 
Thus (a; + a)(x + 6)(a: + c) . . . (x + &)(a; + Z) 

Laws (i.), (ii), (iii.), (iv.) evidently are still true ; and laws (v.) and 
(vL) are true, 

•.•|>i + i=a + 6 + . . . + i + Z =sum of 2d terms ; 

J^2 + ^J^i=(^ + ^ + '« •) + (* + ^ + ' . . + fc)Z = sum of products 2 at a time ; 
P3 + Z|>2=(a6c + . . .) + (a6 + ac + . . .)Z = „ 3 „ 



and j?^_iZ=a6c . . . & . Z = product of all the 2d terms. 

Therefore if the laws hold forn — 1 factors they hold for n, but we have 
proved them true by ordinary multiplication for 4 factors ; therefore they 
are true for 5, 6 . . . and therefore universally. 

O.) Now suppose 6 = c= . . . = Z= a. 
Then (2c + a)(« + 6) . . . (a; + Z) = (a; + a)*. 

And j>i + Z=rMi;|>2 + ^l^i= iH — ^^ ^^"^ ®*ch product =a2, and their 



number is the same as the number of combinations of n things 2 at 
a time. Similarly, y^ + I'p^ = -^^ r^ 0?^ etc. ; and jp^ _ ^i = a". 

Therefore 
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2. By ooDsidering the fiist few terms of this series, we see that the r*^ 
term fr(ym the hegmning is 



n(n-l) . . . (ti-r-t-2) ^,,,^,,^i^ 



r— 1 r— In — r+l 



n 



Again, *.' the series consiBts of 7i + 1 terms, therefore the r^* term /rom 
the end is the (n + 2 - r)'* term /rom */te beginning, and therefore is 



?i(n-l) . . . (n-w + 2-r + 2) -^r^ — , -^j-s — ^, 

i i — - V i^A + 2— r-l /gn-n + 2-r+l 



n+2-r-l 



Iwr-r+l 



± a^-r+ljgr-l. 



n-r+llr-1 



Therefore the numerical co-efficients of the r^ terms from the 
beginning and from the end are the same; that is, after the 
middle of the expansion the co-efficients are repeated in inverse 
order, and therefore may be written down without calculation. 

Again, by § 6, p. 61, we see that the greatest numerical co- 
efficient is that of the two middle terms, or of the middle term, 
according as n is odd or even. 

3. In the above proof x and a are unrestricted in value, we 
may therefore write —a for a ; thus we get 



Again, if we write 1 for x and x for a, we get 

(1 ±a;)*=l dtnx+'\^x*dt-^ . Q ^0^+, . . 



4. Next, let (l+a;)«=Co+Ciaj+Cja;«+. . .+c„^ 

n(n— 1) . . . (n— r+l) 
SOthat Co = l, Ci = 7l, . . . Cr=^-^ '- ^^^ ^ 



r 

(a.) Put x«l, then 2»«Co+Ci + C2 + - • • + <^«« 

[This gives us that the total number of different ways of taking n 
things 1, 2, 3 ... w at a time=2*- 1.] 
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(6.) Put x= - 1, then 

.'. C0+C2+C4+. ..=Ci + C2+C3 + = 2*"i by (a.) 

(c.) Put — for X, then 

/. Co* + Ci* + Cg* + . . . =co-efficient of x* in (1 + x)** 

^ 2n(2n-l)...(n + l) ^ Igg 

(i.) '.• (l + x)*=Co+CiaJ+<^a"'*+ • • • + <^«** 

.-. (l + x)*'^i=(l+x)*(l + x)=(co + Ci» + . . .)(! + «) 
=Co+(c^+Ci)x+(ci + Cj)x*+. . . + c^x*"^^ 
That is, the 00-efficient of the r'* teim in the expansion of (1 ^-x)"*^^ is 
got by adding together the co-efficients of the (r - 1)** and r** terms in 
the expansion of (1 +x)*. 

If then we take suooessiye integral positive values of n starting from 1, 
we get the following table of co-efficients. 

1 1 

12 1 

13 3 1 

14 6 4 1 

1 5 10 10 5 1 

1 6 15 20 15 6 1 



and so on : each number in any row being the sum of the two numbers 
to its right and left in the row immediately above it. 

5. To prove the Binomial Theorem for Skfractumal and for a 
negative exponent ; that is, that 

whatever m may be, the co-efficients following the same law of 
formation as when m is a. positive integer. 
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Let /(m) stand for 1 + ma; + ^ i^ ^ + . . . whatever m may be. 



Then, if m and n are positive integers, we have /(m) = (1 + «)*», 
/(n) = (l + x)*,/(m + ?0 = (1 + *)"*"*"* l>y § 3 ; and by the Theory of Indices 

12 



t.e. f(m+n)=f(m) . /(n) when m and n BTej[H)sUive integers. 

We flWMwue next that the form of the product of the two series re- 
presented by /(m) and /(n) does not depend on the values of m and n, 
and will therefore always be the same and therefore equal to the series 
represented by /(m + n). 

Therefore /(m-}-w)=/(wi) ,f(n) universally. 

Similarly, /(m) ,f(n) . f(p) =/(m + n) . f(p) =f(m -i-n+p); and thus 
f{m + n+p + q + , . . )=/(m) .f{n) .f(p) .f{q) . . . 

Now put m=7i=2?=. . .= — , « and r being positive integers and r 

r 

being the number of equal fractions m,n,p.,, 
Thu8/W= { /(I) j ' .-. {/»}f =/(!) 

But •. • « is a positive integer . *. {f{s)}T= {(1 + x)'} r-{l + x)r 

This proves the theorem for a positive fraction, and therefore it is true 
for <my positive quantity, integral or fractional. 
Next, let n be any positive quantity. 
Then /( - w) . /(n)=/( - n + n) =/(0) = 1. 

'^^ ^ f{n) {\-VxY ^ ' 



Which proves the theorem for any negative quantity. 

The number of terms in this expansion is infinite, for in no case can 
we get a zero factor in the numerator of the co-efficient. The result is 
arithmetically intelligible only when the series is convergent [See xii. 

1,2.] 
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6. To expand (a-\-Q^'^ when n is fractional or negative we may 
put it into the form a^f 1 + — J which by the above is equal to 

'{ '+"(f)+%^f)'+ • • • } • 

7. llie Binomial Theorem may be used to extract roots op- 
proximatdy by means of the formula ^a^dt:h=(A 1 ± — J*. 

e,g. -/99 = (100 -l)i= (102-1)*= 10(1 - ^ 

=io|i-l.A+l(i:il).-I_ \ 

\ 2 102^ 2 10* • • •) 

= 10(1 - -005 - •0000125) = 10 x •9949875=9-949875. 

8. Examples, 

(i.) Find the middle term in the expansion of (2a+3a;*)«. 
There are 9 terms .*. the middle term is the fifth, which is 

?^^^^(2a)*(3a2)*=7 . 2 . 5 . 16 . 81 . aV=90720aV. 

(ii.) Expand (1— a;)-* to 5 terms, and write down the co- 
efficient of ic*^. 

(l-a;)-*=l-4(-x)+^^^^f^^^(-«)2 + etc. . . . 



= 1 + 4a; + 10a;2 + 20058 + 35iB* + etc 

And the co-efficient of x^ is W' -= ^ , - . 

1 . 2 . t> . . . m D m 



(iii. ) Prove that 

/l + 2a;\n_ X n(n+l) / x V . 

\\^xj -^+''-l-f2a;+— ^Vr+2SJ+- • • 

/ l + 2a ;y^/ l + a; \"*^/ x \-** 

1 + 2j; 2 V I + 2a/ 
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(iv.) Find the value of ' ^ ^ —^^ , when x is very smalL 

1+x+Vl+x 

Fraction ^ a+^)^+(i-^)^ ^ (i+i^+- - 0+a-i^+--0 

l+x+{l+z)i l+x+(l+ix+...) 






=(-n)(>-D"'-(-n)('-?--) 



"" 12 4-*""^ 6^' 

Becanae x is veiy small we may neglect a? at every step in comparison 
withx. 



EXAMPLES. X. 

1. Find the eighth tenn in the expansion of (1 +x)^^ 

2. Expand ^ to four terms. 

vl— X 



3. Find the first n^^ative term in the expansion of [l + — \ , and the 
fourth term in (2a — 3x)'. 

4. Write down the co-efficient of o^ in the expansions of (1 — x)~^ and 
(2 - 3x)i by the binomial theorenL 

5. ProYC that the co-efficient of of in the expansion of (1 -4x)~i is 

|2r 
equal to -!j= 

6. Write down the r** term in the expansion of (1 - Sx)""!. 

7. Expand (1 - x*)"l to fiye terms. 

8. Find the yalue of the greatest co-efficient in the expansion (i.) of 
{a + 5)»,and(ii.)of(l+x)«. 
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9. If the co-efficient of the (j? + 1)** term of the expansion of (1 + x)** 
is equal to that of the (|? + 3)'*, prove that 2p=n - 2. 

10. Expand (l+a;)~i in powers of a;, writing down the co-efficient 

of X**. 

11. Expand (ai + 6i)*, and find the last three terms of (x - y)^°. 

12. Find the first four terms of . and the r** term of (1 - x)i. 

13. Find the numerically greatest term in the expansion of (a±x)**, 
where n is a positive integer. 

-.^ -n xi- i. /a + «\i _ . X 3 x^ 5 x^ 

14. Prove that ( ) =1 + — — + -5- , . vo + -^ . . xo + etc. 

\a-x} a + x 2 (a + x)* 2 (a + x)^ 

15. Expand (a + 6 V - 1)* to 4 terms. 

16. Find the middle term in the expansion of (x + — ) where m is 

a positive integer. 

17. Find the fourth term of the expansion of (al - 6i)f. 

18. Write down the co-efficients of x**in the expansions of (1 — x)"^ 
and(l — x)"i. 

19. K (n) be a prime number, prove that every term in the expansion 

of (1 + x)*, except the first and last, is divisible by n, 

1 

20. Find the value of ^~^^ "" — — when x=0. 

X 

21. Expand (1 — 3x)l to 5 terms, and write down the general terra 
in its simplest form. 

22. If a,, denote the co-efficient of x*" in the expansion of (1 — x)'*»~^ 
show that a,._i + a2m-r=^' 

23. Express the sum of the co-efficients of a binomial whose index is a 
positive whole number in terms of a power of 2, and verify the property 
in the expansion of (1 + x)**. 

[jp-116 
5a - -^ I . 

25. In the expansion of [^ — ?j in ascending powers of x, prove that 



the co-efficients of the 2r- Ir* and the 2rr terms are the same. 
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26L The CQ-effident of tlie third tenn in the expuisi<ni of (1 — x) ~* is 

— ; find 'h^ and the co-efficient of the fifth tenn. 
9 

27. Assuming the fonn of the expu^on Vr the binomial theorem of 
ri+x*"^ whm 'n^ is any positire whole number, show that the 
oo-efficient of z' in '1 + x'^ . (1 -f-x]*~^ is the nomber of combinations of 
' n] things takm {t\ together. 

2a ProTe that — 

1 + J_ Ll^ J_ ^^.o \^ 1.3.5.7 1_ _ /3^ 

6^1.2- 6*^1.2.3 • 6f»^1.2.3.4*. 6»^"' "" V T 

29. Show that the prodact of the som of the tM tenns and the snm of 
the fwn tenns of the expanded binomial (a + 6)"= J [o + 6)^ — (a - 6)**}. 

30. Prove that I — |=l + ». + -{ 1 +etc. 

\l-x/ 1-rJ 1.2 Vl+x/ 

31. YxsA the Talne of 

, 1 1 1.3 1 1.3.5 1 . 

^'T • ¥^274 2^-274:6 •^"••*^* 

32. If £ denote the som of the eren tenns and O the snm of the odd 
tenns in the expanaon of (a + 6)*, prore that ^^ — ^0*=(a*'' — *6*)*. 

33. ProTe that when x is Teiy small 

^ \> ^^ = 1 — 7^ — ^ approximately. 

10000 

34. !Rnd the fooith root of — ^ — conect to 7 places of decimals by 

the Binomial Theorem. 

35. Provethatl- — +— ^4- ^'^'^ .^^ 



2 2.4 2* 2.4.6* 2» "" V^ 

36. Knd the co-efficient of x~^ in the expansion of (1 -x"*)"^. 

37. Expand z"/ 1 \ in a series of powers of x. 

In the case in which m is a positive integer, write down the term 
which does not contain x, and prove that it will be a positive integer 
whenever n is a positive int^er. 



38. Find the co-efficient of x^ in the expansion of 

^ (l+x) 



s* 
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39. Find V28, and V3123 by the Binomial Theorem. 

40. Prove that ? — ^ — ^^ = ^T=^ when x is very qxMX, 

l+x+vl + jc v« 



XL— CONTINUED FRACTIONS. 

1. To convert any given fraction ( -^ j into a continued frac- 
tion of the form a-\ = — , all the letters representing 

positive integers. c+etc. 

Divide as in finding the G.C.M. of A, B, Thus B)A{a 

oB 

a)B(b 

bC 

D)C{c 
cD 

etc. 

m,^ ^ C 1 

Thus^=a + -g=a + ^, 

0" 

^=6 + ^=6 + ^; etc. 

27 

A 1 
Therefore ^-=a + = — , or, as it may be more conveniently 

c + etc. 
written, a + 4- Here a, 6, c ... are called the successive 

A 

quotients; the convergents to the value of ^ are found by stopping at 

Jt> 

one of the quotients and neglecting all that follow. Thus the first three 

. a 1 ab+l J 1 abc + c + a 

convergents are — ; a + -i-= — i — ; and a + = , . - — 

® 1' b b ,1 bc+l 

o-i — 
c 
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2. Law of formation of successive convergents. 

^* > ~r» ^» ^ ^® *°^ ^'^^^ successive convergents, and m", to'" the 
quotients corresponding to the last two of them : assume that 

p"=7n!y+p and 2"=m'Y + 2 • • • («). 
Then since 

.'. ^77 is got from ^ by writing (m" + ^j for m" : but ?r=^?o^^» 

Therefore if the law of (a) is true for p", g", it is true also for jp'", ^'' ; 
but it is seen to be true for the first three convergents, viz. — , —^—, 

and — = — i.e. — — =—4; — , therefore by iiidtuition it is true uni- 

versaUy. 

3. The convergents are alternately < and > than the continued 
fraction j -^ I 

Using the notation of the preceding article, 

p" m p' +p 

Let k be the complete value of m" + —7^, — -— ; then -s™^ — - *» 

m +etc. IS kq +q 

. ^ p^ ¥+p p^Wq-pg^. 

' ' B q kq' +q q (Jcq + q)q 

*'''' JB ^^'"A:^' +2 ^^(W + qW * 
-^ fc, g, 5* are all positive •'• -5 - aud -^ - ^ are of opposite signs. 
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© .A. It A. 

Therefore if — is<-T5, then A is>^B» and vict versa; i.e, the con- 
q £r q B 

vergents are alternately < and > than the continued fraction ; and 

a A 

•/ y is olearly <»-.'. those in the even places are too great and those 

in the odd places too small. 

4. Every Convergent is nearer to the value of the Continued 
Fraction than the one before it. 

For, by the preceding article 

A p _ k{p'q-pf} , p' A_ ' p'q-fi 
B q' (M + q)q *°^ ^ B^iM' + q)^ 

Now ^ la >q, and k is necessarily >1. 

.*. for both reasons -^-— is numerically>^--^, that is, -^ is nearer 

to -yz than ^ is. 
B q 

This article gives us the reason for the term Convergent. 

5. To prove that §,-^=^gj-fg ==i=-^; where A, '^^ 
are any two successive convergents. 

^y^v" i>'_ i>Y-py . 

If therefore ^'g -^= ± 1, then ;)Y -p'H = + 1. 

Now by actual reduction (second Convergent - first Convergent) 

Therefore by induction the theorem is true for any 



h 16* 

two successive convergents, and the sign will be + or — , according as the 
first of the two is odd or even. 

Hence any Convergent, as ^, is in its lowest terms, for if not 

the G.C.M. of p and q would divide p'q—pi^ ie. db 1, which is 
absurd. [See § 2, p. 7.] 
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Therefore the error in taking the Convergent ^, instead of the 

A 1 

true value of ^, is < the square of — . 

6. Example. Convert f | into a continued fraction, and find 
all the convergents. 



68)83(1 
68 


.83. 
••68" 


■'4 


1 

+ 1 + 1 + 7' 


15)68(4 


.•.!•' 


convergent =1, 


60 

8)15(1 


2* 


n 


5 

~4' 


8 


3* 




Ix 5+1 6 


7)8(1 


» 


""ix 4 + l~5' 


7 


4th 




Ix 6 + 5 11 


1)7(7 




99 


Ix 5+4 9' 


7 


6^ 




7x11+6 83 


• • • 




» 


7x 9 + 5 68' 



7. A Quadratic Surd may be expressed as a recurring continued 
fraction. 

3 

Example, V7^2 + V7^2=2 + -7^=^ 



3 3 3( -/? + 1) 

V7 + I , >s^l , 3 

2 2 V7 + 1 

3 3 V7+2 
V7 + 2 = 4 + V7-2=:4+ ^ 



V7=2 + 



V7 + 2 
1 1 



1+ 1 + 1+4+1 + 1 + 1+4 + etc.' 



We may see the reason of the above process by comparing it with that 
T converting an ordinary vulgar fraction into a continued fraction. For 
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*.' ^7 is > 2 and < 3, we each time subtract the largest integer from 
what remains, which is exactly equivalent to division in the case of 
the ordinary fraction. 

8. Every recurring continued fraction is equal to one of the 
roots of a quadratic equation. 

Let x=a+ = — , where y is the part which recurs and is equal 

o + . . . + A; + y 

to e-f 



d+. . .+/+y 



Let — , ^ he successive convergents to x, the last quotient used being j;, 

thenx=^^: 
gy + 5 

P P' 

and let -^, -^ be successive convergents to y^ the last quotient used being /, 

.-. {x4-p')y^p-xq .-. y=-gz£,; and W + ((2-P0y-P=Q. 
Therefore by substitution, 

a quadratic equation to determine x, one root of which is equal to the 
given recurring fraction. 

^.Emv^ Letg=2+|^ 1 + 1+4+1 + 1 + 1+4+etc. - 

Then x- 2= ^^-^ '^^^^ simplified, 

1 3x + o 

1+ — 



. 1+ 1 



4 + X-2 
.-. 3x2 + 2x-16=2a; + 5, 

.-. 3x*=21 .-. x=±yf7 .-. 2 + T— -rr=V7. 

1 + etc. 
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EXAMPLES. XI. 

1. Convert the following fractions into continued fractions^ and find all 
the convergents : — 

2. Find the first six convergents to the values of the following surds : — 

V2; VB; V47; Vl4. 

3. Express ^ "^^ ,"t « ,/ „ as a continued fraction, and find 
all the convergents. 

4. Solve T- 



h , a; 



a+etc. to 00 
5. Prove that 



V 2+2 + ...A^l + 2+l+2+.../ ^^2H 



6. Find the value of 



2+4+2+4 + ... 
1 



2-1 



2-1- 

2~6tC. to 00 



7. Find the value of 1 + -5- . ^ . ^ , ^ , ^ ^^ form of a quadratic 



surd. 



XII.— CONVERGENCE AND DIVERGENCE OF 
SERIES— INDETERMINATE CO-EFFICIENTS, 
AND PARTIAL FRACTIONS. 

1. A series is said to be Divergent if the sum (S) of its terms 
can be made to exceed numerically any finite quantity, however 
large, by taking enough terms ; i.e. ii its sum has no finite limU. 



CONVERGENCE AND DIVERGENCE, ETC, 95 

e.g, 1 + 2+3+ ... is divergent, for iS=:-^— -, which we can make 

as large as we please by increasing n, 

A series is said to be Convergent if the sum (S) of its tenns 
cannot be made to exceed numerically a finite quantity, however 
large, however many terms be taken ; i.e, if its sum has a finite limit, 

1 _ /l.^n 

e,g, 1 +}+ J+. . . is convergent, for S= -,— \- which is always < 2. 

2. The following simple rules wiU apply in many cases :— 

(L) If all the terms of a series are of the same sign, and each term is 
greater than any finite quantity or than the preceding term, it is evident 
that 8 increases indefinitely with the number of terms, and therefore that 
the series is divergent. 

(u.) If the terms are alternately + and — , and each less than the one 
before, the series is convergent. For it can be arranged in either of the 

forms (a - 6) + (c - d) + (e -/) + , ora-(6-c) — (d-e)-. . ., the first of 

which proves the series to be positive, and the second proves it to be < a. 

(iiL) If the ratio of each term to the one before it is numerically less 
than some quantity which is itself less than 1, the series is convergent 
For if the ratio of each term to the preceding be < r, then a + b + c+ . . . 
is < a + ar + ar*+. . . 

/. ^ is <^'i(izi^), but r is <1. 
1-r 

.\8is< * 



1-r 

(iv.) If the ratio of each term to the one before it is equal to or greater 
than 1, the series is divergent. This is merely another way of stating (L) 

(v.) In some cases we can compare the given series with a known series, 
and thus determine whether it is convergent or divergent by the argu- 
ment a /ortion. 

Example. — ^To prove that the expansion of (1 + a;)* by the Binomial 
Theorem is convergent if a; is < 1, and n any positive fraction. 

The(r+iy*termof(l + a;)Ms'^''"^^' V (''~^+^V; 



!L 

.'. the ratio of the (r + 1)** term to the r** term is 

n-r + 1 /, n+r 
X 



.-(:---±l).. 
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And after r becomes > w + 1, is a proper fraction ; 

T 

.•,1 is < 1, /. the series is convergent by Rule (iiL) 

T 

3. (i.) Let a+hx+cx^+d3:^+ . . . {=S) be a series which is 
convergent for all finite values of x ; then when x=0, S will re- 
duce to its first term a. 

Fop since a-hbx + cx^-h . . . is convergent, therefore the series 
b + cx + daP+ . . . (=A) 
c+dx-hea^+ . . . (=-B) 
eic* ebC* « « • 
will also be convergent. [See § 1.] 
Now in S=a + x. A put aj=0, then •/ A is finite, .*. xA=^0, and .'. 8=a. 

(ii). Let the convergent series 
S=a+bX'^cx^+d3:^+ . . .=0 for all finite values of «, 
then will a=0, 6=0, c=0. . . . 

In iS put 35=0, then &a; + cx2+ ... =ic.^=0.^=0 by (L) for ^ is 
finite, 

.*. a=0, and .*. 6a; + ca5* + da^+ . . . =0 

for all values of x. Thus {b + cx + da^+ . . . )x vanishes for all finite 
values of a, however small, .*. 6 + die + dx' + . . . i.e, & +aj . ^= for all finite 
values of x, and therefore when x is indefinitely diminished. Therefore, 
as before, 6=0, and so in the same way c=0, etc. 

(iii.) Next, let a + bx + cx^+ . . . =a+/h+yx^+ ... for 
all finite values of x, the two series being convergent; then 
will a=a, h=Py c=y. . . . 
For by transposing the terms we get 

(a-a) + (6-j3)x + (c-y)a;^+ ... =0 for all finite values of «, 
.-.by (ii.) a-a=0, 6-j3=0, c-y=0 ... .'. a=^a, 6=/3, c=y. . . . 

This method is called Equating co-efficients of Powers of x : its 
application will be shown in the following articles. 

4. Assuming that :j — —j—t^^A+AiX+A^^± . . . find the 
values of A, Ai, A2 . * * 
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Multiply both sides by 1 — x + x* ; thus 

+ -4x' + -4ix5+ . . . 
MqucUe co-efficients : thus -4 = 1; ^j - -4 ^0, .*. JL^ = 1 ; 

/. ^=l + x-x5-x*+x* + x^- ... 

1 - X + x* 

This is called the method of Indeterminate Co-efficients. 

5. To resolve a fraction into its equivalent Partial Fractions, 
The general form of the result may be shown to be as follows : — 

Let — 7 >^, o , . V oe any fraction. 

(x + a)'»(x^ + 6x + c) 



Assume that it is equal to PaJ* "•*'+ ... + Q 

(x+a)"* (x + a)**"* ' ' ' x + a x* + 6x + c 

for all values of x. 

Multiply up by the denominator of given fraction and by equating 
co-efficientS; or, assuming values of x, obtain equations which give 
the unknown quantities P,Q , . . Fin terms of the known quantities 
AB . . . K ,a ,b .c. 

Example : Resolve ^^^ into partial fractions. 

^*^?fe=x4l+A- Multiply bya;«-7x-8. 

.-. 3x+5=^(x-8) + 5(x+l) = (^+^)x-8^+-B, 
.-. A +-B=3 and -8^ +B=6 by (2), .;. ^= -f and -B=^, 

. 3g + 5 2 29 

•'•x2-7x-8'' 9(x+l)"*"9(x-8)' 

Otherwiie, we might put x=8: then 24 + 5=-4(8-8) + B(8 + l) 

29 2 

.'. -S=-Q- ; and by putting x= - 1, we get ^1 « --^ as before. 

6. Thus by Partial Fractions and the Binomial Theorem w^ 
may expand complex fractions. 

G 
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3a; + 5 2^ 29 2 29 

'•^•a2-7»-8 9(a;+l)"*"9(»-8p 9(l + a;) ^J^_^ 

-l<'")-'-S('-f)"' 

.-la-....-^....)-|(i + M.J...) 



EXAMPLES. XII. 

1. Expand ^ 5 and -ir-^ 5- each to 4 tenns by the method of 

Indeterminate Go-efficients. 

3. Resolve into Partial Fractions -^ . :: — ^t/ ,. and * " ^ 



a:2 + 6x + 8'(x-aXx-6) x(x+l)2' 

4. Resolve into Partial Fractions the expressions -. — -^, — ^ and 

^ (x-l)(x-3) 

y 1 o 

I -n^y8 4-*^V ^^^ expand each in powers of x, obtaining in each case 
the co-efficient of x^. 

5. If y2_7 .10 ^^ expanded in ascending powers of x, find the co- 
efficient of x^ and of x^. 

4x — 6 

6. Expand -5 — ^-^ — ^ in a series of ascending powers of x, and 

find the co-efficient of tS^, 

7. Resolve ,J^Z^^atM .x ^'^ ^'f7^f^ ^^ t^^eir equivalent 

(x*-5x + 6)(x?-l) x-4x* + 3x» ^ 

partial fractions. 

1 —X 

8. Expand - — - — — ^ to 4 terms by the method of Indeterminate 
Co-efficients. 
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1 *7i* Ji- ft 

9. Kesolve —, — -7 and 7-a — 7T-7 — rr^ into partial fractions. 

€^--7^ (ar + l)(a;+ 1)" 

10. If ?^^=^ + & + ai:2 + I>a:»+. . . find the values of ^, J5, 0, i>. 

a + cx 

11. Develope (1 — aa;)~*(l - 6a;) "^ in a series of ascending powers of ar, 
and find the sum of n terms of the series. 

12. If X is < 1, proye that the series 1 + 2x + 3x^ + . . .is convergent. 

13. Prove that the series -—+r— o"^ t o q "^ ... is convergent. 

1 1.2 1.2.3 
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1. To find the sum of the sqmre& of any quantities in A. P. 
Leti8f=a« + (a + d)2 + . . . + (a + ^^^ . d)8. 
We have (a + d)'=a' + 3a*(i + 3<mP + cP, 

.'. ((i + d)'-a'=3a*rf + 3a<P + cP. 
Similarly, (a + 2d)3-(a + d)3=3(a + d)«.d+3((i + d)<P + (P, 
(a + 3d)' - (d + 2(i)3=3((i + 2d)2d + 3(a + 2d)d? + (P, 



(a+n(i)3-((i + n-l<i)3=3(a + n-l.d)«(i + 3(a + n-l(£)<i2 + d3, 

3*1 

.% by addition (a+»M03_a3=3i8a+-2-l2a + n- ld}(P + iMP, 

2. Thus we can get the sum of the squares of the first 71 

natural numbers, ie. I* +2*+ . . . +n«= ^ ^1—- ^ 

o 

Iq this case 28-13=3 . l« + 3 . 1 + 1, 
3«-23=3. 22 + 3. 2 + 1, 



(w + l)3-n3=3.n« + 3.» + l, 
and.-. (n + l)8-l8=3.iS+^(» + l) + w. 

.*. 6£f=2n3 + 6n« + 6n-*3n2-3n-2n=n(2n*+3n+l)=n(w+ l)(2n+l). 
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3. To find the sum of the Cvhes of the first n ncUural nttmbers. 

.-. 2*-l*=4. 1^ + 6. 12 + 4. 1 + 1, 
3*-2*=4. 23 + 6. 2« + 4. 2+1, 



(n + l)*-n*=4.n3 + 6.w* + 4.7i+l. 

.'.(n + l)*-1^45+6.^(^-^^)i^^-^^) + 4.^(\^^) + n, 

6 2 

. •. i8f= -^{n* + 4n3 + 6n2 + 4n - n(w + l)(27t + 1) - 2n(n + 1) - n} 

=:l.{w* + 4n3 + 6n2 + 37i-2n8-3n8-n-2n«-2n} 

4(nH2n3 + n«)={?^)f. 
.\ l«+2»+3«+. . .+n« = {l+2+3+. . ,+n}\ 
4. Summation of a Series by Partial Fractions. 

('•) '^*» ^'^^(^)+ («+ft)(a+2ft) + ••• to n terms. 

_J Ijl-J-} 

a(a + 6) 6(a a + b } 

1 ij_]___j_[ 



1 ,1/ L___l_ ^ 

(a + n-l6)(o + w6) b la + {n-l)b a + n6 3 

.*. by addition 8=^^ \ -—r \ = . ^ -?. : 

•^ 6 ( a a + w6)- a(a+no) 



and the sum to oo » -r. 



(iL) Sum 2~"5+5~~Q+8~fr+* • • to n tenns and to oo . 
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2 
5 



1.5 3 \2 5/' 
.8 3 \6 8/' 
/. by addition 5 to n terms=|- (y- 2 + 3^) =2(2 1 3,.)' 

andiSf to 00 =— . 
6 

5. Summation by Multiplication. 

(L) Sum 1 +3 . 3+5 .3*+. . . to n terms. 

The mle in a caae like this, where the series is formed by multiplying 
together corresponding tenns of an A. P. and a G. P., is to multiply by 
the common ratio of the G. P. and subtract 

Thus -S=l+3.3 + 5.3*+... + (2n-l).3»-S 

.\38^ +1.3 + 3.3* + + (2»-l).3-, 

/. a8f=(2»- 1) . 3»- 1 - 2{3 + 32 + . . . + 3»-^} 

= (2n-l).3«-l-2J?(^^j, 

.-. 5=J{3»(2»-l-l)-l + 3}=3»(»i-l) + l. 
(ii.) Tosum l+2a;+32*+. ..tonterm8,andtOQOwhen2i8<l. 
£r=l+2x+3a;?+. . . + n.(xf^'\ 
.'. ;5(l-x)=l+x+a[?+. . .+a?*"'-»MC» 

l-x ' 

Q_ l — ac*- (1 — g)na5 

And if a; is < 1 the sum to <x> « ., _ 

(ill) To sum S=l+3z+6x*+l02^+. . . to oc. 

/. ;9(l-a;)=l + 2x+3a^+4ac3 + 

/. 5(l-flf)*«l+X + «* + «3 + . . . 

1 

s— J— 
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Notice that, to multiply the series by (1 - x), the first term in the new 
series is the same as in the old, the co-efficient of the second term in the 
new series is got by subtracting the first term from the co-efficient of the 
second in the given series, and so on. 

6. Summation by means of the general term, 
(i.) To sum 1 . 2+2 . 3+3 . 4+. . . to » terms. 

n** term=n(n + 1) =n* + n, 
.-. /Sf=(l* + 2« + . . . + n«) + (l + 2 + . . . + n) 

_n (n+l)(2n + l) n{n+l) _ n(n + l)(n + 2 ) 
- 6 '*'~"2 3 • 

(ii.) To sum 1.2. 3+2 . 3 . 4+3 . 4 . 5+. . . to n terms. 

n'*term=7i(n + l)(/i + 2)=n' + 3n'* + 2n, 
. s^i n{n + l) y ^ 3 n(n + l )( 2n + l) ^ ^ n(n + l) 

4 
^n{n+l)(n + i)(n + Zl [g^e j 10, p. 104.] 

14 2 5 
(iii.). To sum -^+-^+. . . to n terms. 

... w(n + 3) , 2 

n'* term=^; — -\t7 — -tz;: = 1 - 



(n + !)(» + 2) (n + l)(7i + 2)' 

•*• -^==^-2 I 273 ■**3.^'*' • • • (n + l)(n + 2) ) 

o5 1 1 . 1 1 1 1 ) 

(2334 n+l n + 2 J 

_ oil 1 I- ^ _ n(n + l ) 
-''"^i 2 n + 2)"'''"*ir-r2""~^+2"- 

7. To sum a series of the form 

aa'+bV+cc'+. . .=S 
where a, 5, c . . . a\ b\ c' . . . are the co-efficients of two known 
expansions F(z)=a+bx-\-cx*+. . . 
and F(x)=:a'+b'z+c'x*+. . . 

^rite — for x in either ^(a) or /(a). 
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' ThusF(^y(«) = (a + |- + ^+ . . .)(«' + 6'a; + c'x2 + . . .) 

=flf + terms containing powers of sc and of — . 

.'. iS» is the term which does not involve x in the expansion of the pro- 
duct f{^{x), [See § 4, (c.) p. 83.] 

8. To find the sum of the terms ao+ax+ . . . +a„ where 
Aq, ai . . . are the co-efficients of a known series 

i?'(a;)=ao+aia;+a,a;2+ . . . 

We have , =l+x + a;2 + x'+ . . . 



.-^W 



= (oo + **i^+ • • • )(l+a5 + a;* . . . ) 



1-a; 

=ao+(«to + <*i)^ + K + ^ + ^**+ • • • 
.*. ao + «! + a2 + • • • ■\-a^\&^'^ co-efficient of x*" in the expansion of 

m 

l-x* 
e.g. Find the sum of 

, ,^ . 19.18 19.18.17 ,.,, . ^^ 

1-19+1-2- — rr2T3-+ ^ ^^ *'"^'- 

l-19x + ^-p^x2. . . =(l-x)^ 

.-. /Sf= co-efficient of x^® in (1 -x)^* 

|18 ^ _ 18^17 . 16 .15.14. 13 ^12^11 
"" l^li?"" 1.2.3.4.5.6.7.8 

= -43758. [Seep. 81.] 
9. Recurring Series, 

A recurring series is one in which each term is equal to the 
sum of a constant number of the preceding terms, each multiplied 
by some constant quantity. 
Thusintheseries 1 + 4x4- 11x2 + 34r*»+ ^ , , 

1 Ix* = 2x(4x) + 3x«(l) ^ .*. 1 Ix^ - 2x(4x) - 3x^(1) =0 
34x8=2x(llx«) + 3x2(4x) \ 34x3-2x(llx2)-3x2(4x)=0 
etc. etc. ' etc. etc. 

And 1 — 2ic— 3a;« is called the Scale of Relation. 
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To find the sum of the above series to 00 when the n^ term decreases 
indefinitely as n increases. 

Let/Sf=l + 4a; + lla^+34a3+ . . . 
.•.-2a;5= -2a- 8x2-22x3 . . . 
-3x2i8f= - 3x«-12x3 ^ , . 

.-. by addition {^-%x,-'^B=^\->t%s^ 

the co-efficient of the other powers of x vanishing because of their scale 
of relation : 

l + 2x 



.-. i8f= 



l-2a;-3x* 



If this fraction be split into partial fractions, and so expanded, it will 
be possible to find the general term, as the two series will be identical. 
[See § 6, p. 97.] 

10. To sum to n terms the series 

1.2... r+2 . 3 . . . (r+l)+. . .+w(7i+l) . . . (w+r-1). 
Let T^ stand for the »'* term, then jr^+i=(n + 1) . . . i^-^r)^ 

Similarly, (n-l)(T^-T,..i)=r. T^.i, 
(n-2)(T^.i-r,.2)=r.T^_2, 



l(r,-Ti)=r.Ti, 
.-. by addition n. T^+i-(r^+. . . + Ti)=r. iSf, 
.•.(r + l)/Sf=n.T,»+i. 

. « w(n+l). . . (7i+r-l)(n+r) 
• • ^^ H=l ' 

The rule, therefore, for summing to any number of terms a series of 
the form given is as follows : — " Place a fresh factor at the end of the 
last term of the series, and divide by the number of factors so increased." 

In the same way the sum of % terms of the series 

a(a+l) . . . (a + r-l) + (a + l)(a + 2). . . (a + r) + etc. 
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where a is any whole niimber» {sum of (a + n - 1) - sum of (a — 1)} terms 
of above series 

= -^- {(a + 11- !)(» + »)... (a + n + r-l)-(a-l)a(a + l)... (a + r~l)}. 

7* + 1 

11. Given a certain number of terms of a series, it is required 
to find the n^ term, or to find the sum (S) of n terms. 

Suppose that the first four terms, T^, T^ T^ T^ are given. 

Assume T^ = ^ +5(«-l) + 0(n-l)(n-2) +i>(?i-l) (n- 2)(w-3) 
where the number of undetermined constants, A^ B, (7, 2>, is the same as 
that of the given terms. 

Put n= 1, 2, 3, 4 in succession. 

Thus 
A='Tj,A + B-=T^A + 2B + l,2C-=T^A + 2B + 2.3C-\-l.2,SD=T,. 

And from these equations A, Bj C, D may be easily determined in 
succession, then by substitution the n^ term is obtained. 

[By this method we can only say that we find a series, of which the 
first few terms are given, not the series, for it is obvious that there may 
be more than one such series, since the general term is not given.] 

Next, to find the sum of the first n terms. 
;8f=Ti+T2+T3+ . . . +r. 
^A 

+ A-\-B 

+^ + 2B+1.2C 
+ ^ + 35 + 2.30+1. 2. 3D 



+ ^ + (n-l)^ + (n-2)(n-l)C+(n-3)(n-2)(»-l)D, 

e.g. Let<5?=l+4 + ll+. . . 

Then-i = l, ^+-8=4,^ + 25+20=11, .-.^=3, 0=2; 

.•.T^=l+3(n-l)+2(n-l)(n-2) 

= l + 3n-3+2»2-6n+4=2n*-3»+2. 

And ;g=n^ + 5?^B + (^^)t— -^ 

2 o 

„ ».{6+9(n- l)+4(«»-3n+2) ^<J!^Sn+b) 
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12. Files of Shoi. 

(L) To find the number of shot (5) in a complete pyramidal pile on a 
Bqnare base, each side of the base containing n shot. In the lowest 
comse there will be n' shot, in the next aboye it (n— 1)\ and so on up 
to a single shot at the top. 

.•.5=n« +(»-!)»+ . . . +i»^!!(!LLl)^5±i). [See § 2, p. 99.] 

(ii) Next in a complete pile on a rectangle for its base containing 
(m-\-n) and n balls in its two sides. 
In the lowest conise there will be (m + n)ii, in the next above 

(m-k-n- l)(n — 1), and so on np to (m+n - n— 1), i.e. (m+ 1) in the top 

coarse. 

.-. 5=(fii+n)» + (m + »-l)(»-l) + (m+n-2)(n-2)+ ... +(m + l)l 

=:TO{n+(»-l) + (n-2) + ... + l} + {n«+(n-l)»+(n-2)«+... + l2} 
_ fnn(n+l) n{n -H l)(2n + 1 ) _ n(n + l)(3m + 2n + 1 ) 
~ 2 "*■ .6 "" 6 

(iiL) In a complete triangular pile on an equilateral triangle with each 
side consisting of n shot. 

In the lowest course there will be*^^^^ — ^ shot, in the next above ^^"" ^ , 

2 2 ' 

and so on, up to —- • 

.-. 5=i{1.2+2.3+ . . . +«(n+l)} 

1 5 n(n+l)(n+ 2) ) n(n+ lXn+2) , ^ .^ 

2 ( 3 S 6 J ^ ' 

(iv.) The number of shot in an incomplete pile may be found by con- 
sidering it as the difference of two complete piles. 



EXAMPLES. XIII. 

1. Sum l*+3'+5*+ ... to 12 terms. 

2. Sum 2 X 5+5 x 8+8 x 11+ ... to n terms and to 15 terms. 

3. Assuming that l«+2«+ . . . +n«=^^^±1^5±i^ prove that the 
sum of the harmonic means of all the pairs of positive integers whose 
sum is equal to m will be — - — . 
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4. Sum(L)l + — +-5+-5+etc., . . . to n terms ; 

t5 o t5 

and (iL) 4+1+1+ J+ij+ . . . to oo. 

5. Find the sum of n terms of the series whose r** term is -^ -' • 

a*- 

6. Sum 2*+4*+6*+8'+ ... to 10 terms and to n tenns. 

7. Find the number of shot in each of two rectangular complete piles 
containing— (i.) 16 and 7 shot, and (iL) 35 and 15 shot respectively in 
the unequal sides of their bases. 

8. An incomplete pyramidal pile of shot on a square base, with 25 
shot in each side, consists of 10 courses, how many shot are there 
altogether ? 

9. Sum — -+. ... to n terms and to 00 . 

1.3 2.4 3.5 

10. Find the sum of n terms of the series of which the r'* term is 
(2r+l)2^. 

11. Sum 1.3.5 + 2.4.6+3. 5. 7+ . . . to n terms and to 20 terms. 

12. Sumi+— +— +— + . . . to 12 terms and to 00. 

13. How many shot are there in each of two complete pyramidal piles 
on triangular bases which contain — (i.) 8 shot, and (ii.) 19 shot in each 
side respectively ? 

14. Two complete pyramidal piles are made on square bases contain- 
ing 17 and 24 shot respectively in their sides ; find the ratio of the number > 
of shot in the first to that in the second. 

15. Sum3H62 + 9*+12*+ . . . to 21 terms. 

16. Sum 1.2.3. 4 + 2 .3. 4.5 + . ..to 10 terms. 

17. If n be an even number, prove that 

l+2.+3 + 4«+...='^^?^±^^^-). 

18. Sum — — A + . . . to n terms and to oo . 

1.6^6.11^ 
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19. Write down the n** term of the series 1+3 + 6 + 10 + 15 + . . . and 
prove that the sum of the first n terais=^^^^^^^^i^. 

20. Show that a complete square pile of shot is equivalent to two 
complete triangular piles. 

21. Prove that 

l.n + 2(n-l) + 3(7i-2) + ...+n.l=^(^+y + ^l 

22. Suml+|-+A+^+...toao. 

23. Find the v^ term and the sum of the first 15 terms of the series 
1 + 7+21+.. . 

24. The first two terms of a recurring series are 2 and 5x, and the 
scah of relation is 1 — 3x - 2a:^ ; find the next four terms. 

25. If in the recurring series ^1+^2+. . » + T^-i + T^ *he scale of re- 
lation be l-a-b, find the sum in terms of a, b, 2\, T^ I3, T^_2j ^n-u 
and T^. 

26. Find the n^ term of the series 1 +4x+llic2+34ac'+. . . 



XIV.— INDETERMINATE EQUATIONS. 

1. The equation to be solved is of the form axdzby=iC^ where 
a, b, c are positive integers. 

Fositive integral values only of x and y are taken, and as a rule zero 
values are inadmissible ; and since the equation cannot be solved if a, 6 
have a common divisor which does not divide e, we shall assume the 
equation to be so simplified that a, b have no common divisor. 

2. If (me solution of ax+by=c be a;=a, y=j8, the general solu- 
tion is x=a+bt, y^^p—at, where t is 0, or any integer not greater 

than — or less than — ;-• 
a 

For '.• a^ iS is a solution, .*. aa+&i3«=c=aa:+5y, 

(C '— o b b 

\ a{x - a) = 603 - y) .'. 03"— — • ^^t — is in its lowest terms, 
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/. x-o=6t, and 0-y=at where t is a positive or negative integer, 
.'. the q&MTol solution is x^a + bt and y^fi—at^ where t is 0, or any 

positive integer not > — or any negative integer not numerically > -r- 

for ac, i.e. ^(•r-'^O *"^^ ^» *'^' af — -t j must be positive integers by sup- 
position. In this case, therefore, the number of solutions is limited. 

It will be seen that the values of x and y form two A. P.'s, of which 
the conmion differences are h and— a respectively. 

3. (i) If one solution of ax—by=c be z=a, y=i3, the general 
solution is a;=a+6/, y=zp+ai where < is 0, or any integer not less 



a 



P 



than either — =- or — '—. 

a 

X— a h 



Asin§2, a(x-o)=6(y-0) .. q- ^» 

and ,\ x==a+htf y—p-^at when t is 0^ or any positive integer whatever, 
or any negative integer not numerically > either -^ or — . 

In this case, therefore, the number of solutions is unlimited. 
Again the values of x and y form two A. P.'s of which the common 
differences are h and a respectively. 

(ii.) A solution of ox— iy=c can always be found. 

Let — be converted into a continued fraction, and let the last two 

convergents be ^ and — 9 where ^, g are positive int^ers, and p\& <h 

and $ is < a : then by § 5, p. 91, ap-&g= ±1. 

. First, let op - 6g= + 1, then a .jpc- 6 . gcs=c, and .*. x=pc, y=qc is a 
solution. 
Next, let op - &$ = -1> then db''ap-ab+hq=l, 

,\ a(Jbc -pc) - h{cui - qc)—c^ 
.*. a=(6-^)c, y= (a -3)0 is a solution. 

4. Examples, 

(L) Find all the solutions of 6a;+17y=161. 
Divide by the least co-ef&cient : thus 

a; + 3y + ^^ =32 .-. ^~ = integer. 
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Multiply the numeiator by some integer each that when the product 
18 divided by the denominator the remainder will be y ± a number. 
Thus 

^~ =y+j^^=integer .'. ^^^t (an integer or 0), 
6 6 6 

.-. y=3+6e, and /. by substitution x+9+15t+?±3^!^=32, 

6 

.-. x=22-17<, 

.*. t^O and 1 are the only admissible values, and then x=22y 5 and 

(ii) Find the least solution of 62— 23y=20. 
a;-4y+?^=3, /. y=2 + 6«, and /. x=3 + 8 + 24«-« = ll + 23<. 

tsQ gives the least solution, and then x=ll, y»2. 
(iiL) Find the number of solutions of 7x+2y= 103. 
x-1 . -. e, . ^ o. . , ... 103-7X 



3x+ 



+y=61, .•.x=2«+l, .'.y= g ==48- 7e, 



2 

.'. t may have any value from to + 6, .*. number of solutions «= 7. 

(iv.) Find the least number which, diyided by 17 and 26, 
leaves remainders 13 and 21 respectively. 

^=17x+13=26y+21, .-. 17a;-26y=8, 

9y+8 ^ 9y+8 . ^ 
.•.«-y — n " ' .-. ^^=mteger, 

.^18|^=y+l+l^l=mteger, .'.y^l + nt, 

andx=??ff?=?^±g^*=2+26. 
t^O gives the least solution, and then x=»2 and N^47, 



EXAMPLES. XIV. 

1. Find all the solutions of the following equations : — 
(a.) 6x+8y=29; (/3.) y=13+^(16-x) ; {y.) 71x+l7y=1005. 
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2. How many solutions are there of the equations 

(i.) 2373= 13a + 24y; and (ii.) 12a=106-7y. 

^ 3. Find the least solution and the general solution of 

(i) 17a;=lly+86; and (ii) 15a;-19y=10. 

4. Find the smallest number which, when divided by 5 or by 4, leaves 
remainder 1 in each case, and when divided by 3 leaves no remainder. 

5. A farmer owing another £ly paid him by giving him a certain 
number of cows worth ;£20 each, and receiving from him a certain 
number of horses worth £31 each. How could this be most simply 
done ? 

6. A bill of ;£4 is paid with 80 coins, consisting of half-crowns, 
shillings, and fourpenny bits. If the number of shillings used be the 
least possible, find the numbers of each coin. 

7. Find aU the positive integral solutions of 

(a.) scy + a + y = 36, and of (/3.) flcy — 2a; - y = 8. 

8. Find two positive integers such' that if one be multiplied by 35 and 
the other by 43, the sum of the products may be 4000. 

9. Find the number of solutions (I) of 5x+8y=1989, and (iL) of 
3x+5y'=173 in positive integers. 

10. In how many ways can a sum of £100 be paid in guineas and 
pistoles, worth 17 shillings each? 



XV.— GENERAL THEORY OF EQUATIONS. 

1. Every equation of the n^* degree in x involving only integral 
powers of x may bei reduced to the form 

i?oa?~+i?ia^""^+i?ia^*+ • • • +i?n-i«+i?n=0 . . . (i.) 
where n is a positive integer, and j^oji'ni's • • • real quantities, 
positive or negative, or any one except p^ zero. 

If any one or more of the co-efficients vanish the equation is said to be 
incompUte, since some powers of x will be wanting : otherwise it is said 
to be complete. 

We shall denote the left-hand member of equation (i.) by F(x). 
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2. If a be a root of the eqaation 

then the left-hand member is divisihle by x— a without remainder, 
and conversely, 

(L) Suppose that F{x) is divided by x- a in the ordinary way : then 
since x — a is of only one dimension in x, the diyision may be continued till 
there is a remainder R which does not contain x. Let Q be the quotient 
containing only positive int^pral powers of x, which therefore cannot 
become infinite for any finite value of x. 

.-. J'(x)=(x-a)C+i2. 

In this put xso, then P(x)=0, for by supposition a is a root, and 
(x-a)Qs(a- a)Q=0, .'. R^O : and *.* R does not contain x, it is not 
altered by the substitution of a for x, .*. R^O whatever x maybe ; and 
therefore F{x) is divisible by x - a. 

(iL) Conxendy^ if J'(x) is divisible by x-a, then a is a root of 
JP(x)=0. 

For, J'(x)=(x-a)Q since by supposition there is no remainder, and Q 
contains only positive int^pral powers of x. 

If then we put x==a, x - a=0. 

/. P(o)=0, or a is a root of jP(x)=0. 

3. (a.) To find the quotient (Q) and the remainder [R) when 
F(x) is divided by «— a. 

F{x)^F{x)-F{a)'{'F{a) 

=(W+l>i*""*+ • • • +l>J-(lV»»+jPia»"*+...+l>J+-P(o) 
={jH^af-a«)+iH(x«-i-a»-i)+ . . . +A.i(x-a)}+lf(aX 
Divide both sides by x-a ; then by § 10, p. 2, 

andl{«-P(«)*'J»W»*+l>i«*~*+- • •+!»«. 
By re-ananging the terms we get 

We see in this result that the successive oo-efficienta and the remainder are 
found 1^ multiplying the last obtained co-efficient by a and adding to 
the result the next co-efficient from F{x), The practiod method of using 
this result will be seen from the fi>Uowing examples :— 
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Ex. (i.) Find the quotient and remainder when 

3d;3 + 17a;2+10ic-U is divided by a;-4. 

Write down the co-efficients only with their proper signs. Thus 
3 + 17+ 10- 14 

12 + 116 + 504 . •. Q = 3x2 + 29a; + 1 26, and JR = 490. 
29 + 126+490 

Ex. (ii.) Find Q and U^ when 5ic*— a^+2x— 3 is divided 
bya:+2. 

5- 1+ 0+ 2- 3 
-10+_22j^44 + R4 .•.Q = 5xS-llx2 + 22ic-42, and E=81. 
-11 + 22-42 + 81. 

(^.) To find the numerical value of F(o^ when any number a 
is substituted for x. 

This is clearly the same as finding the remainder when F{^ is divided 
by a: — a. [See a.] 

Ex. Find the numerical value of 2a:^— ic2+3ic— 1 when 3 is 
substituted for x, 

2+0- 1+ 3- 1 
+ 6 + 18 + 51 + 162 
+ 6 + 17 + 54+161 
.'. the result of the substitution is 161. 

4. Every equation of the n'* degree has n roots and no more. 

We must assume in the following proof that every equation of the form 
F{x)=0 has a root, real or imaginary. 

Let a be a root of F{x)=0, then by § 3 F(x) is divisible by (x-a). 
Let Fi(x) be the quotient, then F{x) = {x-a)F-i{x) where Fi{x) is similar 
to F(x) but of one dimension lower. Hence J\(a;)=0 must have a root 
6, and therefore Fi(x) = {x - b)F2{x) as before. Thus eventually we shall 
get F(x)=po{x-a)(x-by . . . (x-k), the product of n simple factors 
with a co-efficient po which does not contain x.' .*. F{x) will vanish if 
we put x='a, hy c . . . or h 

That is a, 6, c ... A; are n roots ofF{x) = 0. 

Secondly, if possible let there be another root q of F(x)-0 different 
from any one of those abeady found. Then ^(^)=0, i.e. by substitution 
P(}{q — (^)iq-b){q-c) . . . (q-^'^O, but not one of these factors can 
vanish, therefore q cannot be a root. 

H 
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5. In any equation with red coefficients imaginary roots occur 
in pairs. 

For let a+8V - 1 be a root ; then substituting for x we get 
i>o(«+/3V-l)"+i>i(«+i3>^~l)""^+- • -=0. 

Expanding each term by the Binomial Theorem we get P-\-QiJ — 1=0; 

F and Q being both real. The odd powers of V - 1 will give imaginary 

terms and the even powers real terms. But *.• P+QV — 1=0, 
.-. P=Oand§=0., 

.-. F'-Q>/~1=^0, Thatis;?o(«-/3'^^)'*+l?i(a-^^^^)*"^+- • -=0, 

.'. o-iS nT^ is also a root. 

. *. F{x) contains ttoo imaginary factors x — {a-\- fitj - 1) and a: — (o — P>I — 1 ) 
which give one real quadratic factor x* — 2aa;+a^+/3*. 

In the same way it may be shown that irrational roots of 
the form adz^b occur in pairs in an equation with rational 
co-efficients. 

6. Let the equation F{x)=-0 be so reduced by division if 
necessary that po the co-efficient of the highest power of x is 
equal to 1. Then if the n roots are a, 6, c ... ^ we have by the 
proof of the Binomial Theorem — 

={x-~a)(x—b)(x—c) . . . {x—k) 
-x^-(a+b+c . . .)x^-^ + (ab+bc . . .)aj»-« . . .+(-l)»a6c .. .k 
.'.—jpi=a+b']-c . . .-f Z;=sum of roots, 

p^=ab+bc+. . . =sum of each pair of the roots 



(—iy^Pn=obc . . . ^=product of roots. [See p. 80.] 

Ex. (i.) To find the sum of the squares of the roots. 

a2 + 62+. . .+^=(a+6+. . .+A;)2-2(a6+6c+. . .)=i>i'-2p2. 

Ex. (ii.) To find sum of the reciprocals of the roots. 

1,1,1, ,1 6c...i-Hac...Aj + ...+a6c... p. , 

a h c k ahc . . .k p 
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7. If the signs of the alternate terms of a complete equation be 
changed, the signs of all the roots will be changed. 

For, put - y for X ; then when n is even, equation becomes 

Poir-Pitf^'^+Piy"'^ . . . =0 ; 
and when n is odd, it becomes 

-;?oy'*+l?iy*~*-JP22^~^ + - . .=0, 

And '.' y= -re, the values of y are-a, -6, -c ... if those of x are 
a, 6, c . . . i.e, the signs of all the roots are changed. 

8. To transform an equation into one whose roots are the 
reciprocals of the roots of the original equation. 

Put 1/= — ,thena;= — , and equation (i.) becomes 
X y 

i.e. p^y^+. . '+P2y^+Piy+Po^^ ; aiid we see that the new equation 
can be got from the original equation by writing the co-efficients in the 
reverse order. 

9. To transform an equation into one whose roots are the 
roots of the original equation multiplied by a given quantity (k). 

Put y^kxy then ic=^, and equation (L) becomes 

i.e. w/*+l'i%'*~^ + - 1 .+^n^*=0. 
Here k of course may be + or — , integral or fractional. 

10. To transform an equation into one whose roots are greater 
or less than the roots of the original equation by a given 
quantity (k). 

Put y=jc±/c, then x=y + k and equation (i.) becomes 

Ex. Diminish by 3 the roots of the equation 

a;» — 12a;2+ 47a;— 60=0, and thus solve it. 
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Put 2^=2 — 3 : then x=t/+3. Substitute : thus 

(7/+3)3-12(y+3)2+47(y+3)-60=0, 

.•.i/3-3y2+2y=0, 

.-. 2/=0, and y^. 3^^ + 2=0, 

.*. t^==0, 1 or 2, and .'. a; = 3, 4 or 5. 

11. To get rid of any term from an equation we use the 
method of the preceding article and substitute y+A for ar, and 
equate the co-efficient of the term, which we wish to get rid of, 
to zero. 

Ex. Transform the equation a;* — 12a:' + 1 6a;— 56=0 into one 
without a term containing the square of the unknown quantity. 
Put y + A for a; 

.-. y3 + (3A- 12)y2+ (3fe2_ 24^+ 16)y+^3- 12^2+ 16^_56==0, 
.-. 3^-12=0, .'. ^ = 4, and .*. the equation is i/3-32y- 120=0. 

It will be found impossible to get rid by this method of either the jir^ 
or loai term of that equation and so to reduce the degree of the equation. 

12. To get rid oi fractional co-efficienis from an equation. 

Put y^kx and substitute as in § 9, and then determine k so that the 
denominators may all cancel out. 

Ex. (i.) Get rid of fractions from a;»+§a;*+|a;+^=0. 

Here f + ^hy^ + ikhf + l^k^=0, 

.\k^6 and the equation becomes y^ + 4y^+b4y + 36=0, and ^ = ^' 

Ex. (ii) Get rid of fractions from x*—^x^ — ^x+j\=0. 

Here f-iky^-Wv^^^^O 
and .-. 8 = 23 and 72 = 2^ x 3^ we see that A;=22x3 = 12 

and .'. the equation is 1^ — 16^^ — 54^+120=0, and x=^, 

13. Descarte^ Rule of Signs, 

(a.) In any equation jP(a;)=0, complete or incompletey the 
number of positive real roots cannot exceed the number of 
changes of sign in the co-efficients of F{x)\ and (fi,) in any 
complete equation the number of negative real roots cannot exceed 
the number of continuations of sign of the co-efficients. 
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(a.) Firsi^ let + — V ^ 1 — (i.) represent the signs of the terms 

of the left-hand side of any complete equation. Let a new positive root a 
be introduced, then we shall have to multiply by a factor x-a. 

Writing down only the signs of the operation, we have 

+ - + + + - 

-+- -+++ -+ 



+ - + ±-+ + H--+ . . . (ii.) 



In the result (ii.) we write the doubtful sign where the result may be 
either + or - or 0. Comparing (iL) with (i.), we see that for every con- 
tinuation or group of continuations in (i.) there is a corresponding 
ambiguity or group of ambiguities in (ii.), the signs before and after 
each group being unlike, and that there is a final change of sign added 
at the end. Hence taking the most unfavourable case, viz., the upper 
signs of the ambiguities in (ii.), we have the same signs as in (i.), with 
the additional change of sign at the end. Therefore the new positive 
root has introduced at least one change of sign. 

Next, let the equation be incomplete ; then it will consist of groups of 
+ and - terms separated by groups of 0. Now, by what has been 
already proved, each group (being considered as a complete equation) will 
introduce at least one change of sign ; and each group of can take away 
at most one change of sign ; and the groups of + and — are greater by 1 
than the groups of ; therefore at least one change of sign must be intro- 
d uced. 

The same will be true for each of the + roots 6, c, . . . and the corre- 
sponding factors x-h,x-c . . . 

Therefore no equation complete or incomplete can have more -H roots 
than it has changes of sign. 

03.) In any complete equation /(x) = put -y tor x ; then f(y) will 
have as many changes of sign as f(x) has continuations, thus (i.) would 
become 

+ + + -- + [See § 7.] 

and by (a) the equation /(y) = cannot have more positive roots than/(i/)' 
has changes ; therefore, since aj = - 1/, f{x) = cannot have more - roots 
than f{x) has continuations. 

Now in any complete equation the number of changes -H number of 
continuations = degree of the equation = number of roots ; therefore in 
any complete equation, with all its roots real, the number of positive and 
negative roots = number of changes and continuations of signs respec- 
tively. 
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Ex. a^ + 2a:* - 23a; - 60 = has <yiM positive and two negative roots. 
They might be found to be +5, - 4, and - 3. 
Descartes* rale may be stated otherwise, as follows : — 

The equation F{x)=0 whether complete or incomplete cannot 
have more positive real roots than F{x) has changes of sign or 
more negative real roots than F{—x) has changes of sign. 

14. If n be a positive integer, any small change in x where x is 
any finite quantity produces only a small corresponding change 
in the value of iC". 

For let h represent the change in x, so that x becomes x+h ; then x^ 
becomes 

(a5 + ^)" = x» + n^a;»-i+— |^^AV-2+ . . . +^»» 

\±- 
the series being finite, '.' n is a positive integer and x is finite. There- 
fore if ^ be indefinitely small, all the terms after nhaf^'^ will vanish in 
comparison with it ; .*. (x + h)^-x^=hn3f*~\ in the limit when h is inde- 
finitely diminished, i.e. the change in a;** oc ^, which is the change in x. 
That is, the value of x^ changes continuously as x changes continuously. 
Therefore if «** changes from + to — , as a; changes from a to 6, then 
for some value of x between a and h must x"=0. 

If, then, we consider the aeTie8f(x)=p(P^+piX*^~^ + ... I?,,, where n 
is a positive integer, each term by the above will vary continuously as x 
varies, and therefore their sum, being finite for all finite values of x, will 
vary continuously. If, then, f(x) change from + to — as x changes 
from a to 6, it must pass through zero for some intermediate value of x. 

Therefore if f{x) is positive when x=a and negative when 
x=b, then must /(a;) =0 have one real root at least between a and 
by and may have any odd number of real roots. 

15. Beciprocal or Recurring Equations. 

A reciprocal equation is one in which the roots occur in pairs, 

such as ff, — ; J, -^ ; 1, 1 ; . . . and is therefore unaltered 
a 

when — is 'written for x. 

X 
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It must .*. by § 8 be of one of the fonns 

{the co-efficients of terms 
equidistant from the two 
ends being equal and of 
like or imUke signs. 

If, then, n is odd (a) is satisfied by £== - 1, and .'. x + 1 is a factor 

n . . . 03) x=+l . . . a; -1 . . . 

n is even (/3) x=±l . . . a;*— 1 . . . 

Therefore in every case we can so divide down a reciprocal equation as 
to get it into the standard form 

n 

p3^ + qpi!^ i+ra[f-2+ ... +toa + ... +rx* + 5X+|?=0, 

where n is even. 

Divide by xT,\ p (x~T + _- j + ^ (xT "■> + — - )+.... + i=0. 
Now, put x+ — =«, then it is easily proved that 

X 

In this put n==0, 1, 2, 3, . ,\ in succession ; 

.-. x2+^=«^-2, x3 + i=:3<»'^-2)-«=»5-3«, etc. 



X* X* 



Thus by substitution the equation is reduced to one of the [ — ] 
degree in z ; and so — values of z are obtained, and each of these gives 

a quadratic for x, '.* 2=x-i — ; and thus the n values of x are obtained. 

X 

Ex. Solve ic5—4a:*+3ic8+3jc*—4a;+ 1=0. 

Divide out by x+1 ; thus 

jc*- 6x3+8x' - 6x+ 1=0, 



.•.(.«+^)-6(x+l)+8=0. 
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PutX+l = ;S, .-. .'c2 + -2 = !32-2, 



X ' X^ 



.'. 22-2-52 + 8 = 0, .-. 22_52; + 6 = 0, 

.-. z=2 or 3, .'. X -\ — =2 or 3, 

X 

.-. a3?-2x + l=0, orx2-3r=-l, 
.-. (j:- 1)2=0, or x2-3j:+(f)2=}-l = j, 

.-. a:=-l, +1, +l,^±-^^and5::^^. 

1 6. It is observed that 3 and — 1 are roots of the equation 
ic* — 4^'' + 8a;+ 3 = ; what are the other roots ? 

•.• 3 and- 1 are roots. 
.•. (jc-3), (j;+l) are factors. [See § 2, p. 112.] 
Divide out therefore by 7? — 2a; — 3. The result is 

x2-2x-l=0, .-. a;=l±V2y 

17. Solve the equation a;' — 10ic^ + 29a;— 20=0, one of the roots 
of which is equal to the sum of the other two. 

Let 2), 5 and 29 + 5' be the roots ; then the given equation is equivalent to 

t.e. x^ - 2(1? + q)x^ + (l?^ + Z'pc[ + (^)x - pqi^p + g) = 0, 
.-. ^ + 5=5,;)2+3;?5r+52=29,;?g(p+gr)=20, .-.^95 = 4, .\p-q=±?j, 

.'. ^ = 4 or 1, and ^^ = 1 or 4, 
.*. x—\, 4, or 5. 

18. Form the equation of the fourth degree Mdth rational co- 
efficients, one of whose roots is V 2+ V— 3. 

(x-\/Y-V^)(a;-\/¥+V-3) = (a;-V2)2+3=a:2-2V2x + 5. 
Again (a;2 + 5 - 2 V2i)(x-2+5 + 2 V 2i) = (a;2+5)2-8x2. 
.'. the required equation is a;* + 2x2 + 25=0. 

19. Transform the equation a;' +^2 +52; +7 = 0, whose roots 
are a, 6, c iuto one whose roots are he, ca, ah. 

The equation whose roots are a, 6, c is 

{x-a){x-h){x-c)=x^- (a + 6 + c)x2 + (6c + ca+aft)ic — a6c = 0; 
.'. -p = a + 6 + c, <7=6c + ca + a6, and- r=a6c. 
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Again, the equation whose roots are 6c, ca, ah is 

{x - he) (x — ca) (x - ah) =7?-{bc-\-ca+ ah)x^ + ah'{a + 6 + c)x - a^i V = 0, 

i.e. 7?- qx^ -{-prx - r^ = 0. 

20. Cardan^ s Solution of a Cubic Equation. 

Let the equation, if necessary, be reduced to the form 7?-\-jpx-\-q=0 
[§ 111 8,nd put cc=2/+S!. Then the equation becomes by substitution 

i^yz-{-p)x+'f-\-:?+q=0, v aP = {y-\-z)^=='!/^+3yz(y+z)+!^. 
Now, as we have only assumed one relation between y and 2, we may 

assume another, viz., '6yz+p=0, then yz=—^. But y^+:^= —q. 

.*. y^ and ^ are the roots of X^i-qX -^=0, for-q is their sum, and 
-^— their product. [See § 6, p. 21.] 

The.efo«. = ,..= { -f V?^}*- i -iV^ll* 

If p is positive and q positive or negative, or if p is negative and ^ 

positive or negative and ^ numerically < ^ , then y and z are both 

real, for the quantity under the square root is positive. Again, if 

|=i8<^ and negative, then ^+^is negative, and therefore both y 

and z are imaginary, but y + z will be real, for (a + /3 V - 1)4 + (o - /SV - 1 )* 
is always real, as may be proved by the Binomial Theorem, the 
imaginary terms cancelling one another. 

21. Every cubic equation of the form x^+px+q=0 where p 
and q are positive quantities, has two impossible roots and one 
negative real root. 

There can be no real positive root, for there is no change of sign. 
Again, if— x be put for a:, we get - x^ - ga; + r, therefore there cannot be 
more than one negative real root. Therefore there must be two impos- 
sible roots and one real negative root. 
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22. Example.— %o\ye a;*— 9a;+28=0 by Cardan's method. 

^+^ = 196-27=169, 

.•.2={-14 + 13}i + {-14-13}*=-l-3=-4. 
The two imaginary roots are then foand to be 2±V-3. 



EXAMPLES. XV. 

1. Find the equation, each of whose roots is greater by unity than a 
root of ac^ _ 5a:2 + 6a; - 3=0. 

X 3 

2. Transform the equation x^--- -=0 into one whose roots ex- 

4 4 
ceed bj -^ the corresponding roots of the given equation. 

3. Find the sum, the sum of the squares, and the sum of the cubes of 
the roots of the equation 3^—px-'r=0, 

4. Show that 2^ — a^=0 has one real and two imaginary roots, and 
that the product of the two latter = the square of their sum. 

5. If 2(p -^ q + r)=a^ + h^ + c^f and the roots of x^ + ax—p^O be b, c, 
and those of x^ + hx — q=0 he c, a, then the equation whose roots are a, b 
is a;2 + cx-r=0. 

6. Transform the equation a^-px^ + qx-r^O into one, the roots of 
which are obtained by subtracting one of the roots of the given equa- 
tion from the sum of the other two. 

Hence solve 32a^ + 16x* - 18x - 9 = 0. 

7. Find the condition that ar^ + ox + 1 = 0, and x*— 2x*+2a5-l=0, may 
have two roots in common. 

8. If a, /3, y are the roots of x^-j)x + r=0, prove that the equation 
whose roots are-^ — -, -^- , — - is 

9. One of the roots of the equation «'-13x'+15x + 189=0 exceeds 
another by 2 : solve it. 
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10. One of the roots of {C* + 4x« + 6x* + 2a;-2=0 is -1+V- 1 : find 
the others. 

11. The roots of 36^5 + 72x' + 23x - 6=0 are in A. P. : find them. 

12. The roots of 8ic'-14x* + 7a-l:=0 are in G. P. : find them. 

13. Find an equation with integral real co-efficients one of whose roots 
is V2 + >/ -1. 

14. One root of 3aJ* - lOx^ + 4a;«-x-6=0ifl — >— i^: find the others. 

2 

15. EEaving given that 2+ V-3 in one root of «*-4a;2 + 8x + 35=0 : 
find all the roots. 

16. Solve (i.)a^-8a;2 + 19aj-12=0; and (ii.) a* -6x2 -16a; + 21-0. 

17. Diminish by 3 the roots of the equation 

{r*-4«* + 3x'-4a; + 6=0. 

18. The roots of x* - 13«* + 39x- 27=0 are in G. P. Find them. 

19. The roots of 42* - 32x' - a;+8=»0 are of the forms + a, - a, and h. 
Solve the equation. 

7 7 1 

20. Two roots of 7?-—.Q^j^—x-\=aO are of the forms a and — . 

2 2 a 

Find all three roots. 

21. Prove that a^ - 2x2 + 1 =0 has at least two imaginary roots. 

22. Find the numerical value (L) of 3x*+x' + 9x*- 1 when 12 is sub- 
stituted for X, and (iL) of Sx* - 7x' - 6x + 6 when - 3 is substituted for x. 

23. Find the quotient and remainder in each of the following cases : 
(i.) when3x*-7x + 8isdividedbyx-4, (ii)2x* + 3x' + x*-x-2byx + 2, 
and (iii.) 6x^ + x* + 1 by x + 7. 

24. Find the quotient and remainder in each of the following cases : 
when 6x* + 7x« + 8x«-2x-10 is divided by (i.) x-3, (il) x-5, and 
(iii.)x + 2. 

25. Solve x'-3x + 2=0by Cardan's method. 

26. Find the numerical values of 5x*— x'-x' + 2x-l, 

and 3x* - 2x* + 6x + 3 when 4 is substituted for x. 

27. Get rid of the co-efficient of x* in the equation 2x^ + x' + 3x' + 2 == 0. 

28. Solve the equation x^+x-lO^Oby Cardan's method. 
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29. Show that the equation jc*-j!r*+jc^ + j:+l=0 has at least two 
imagiDary roots ; and find the least possible number of imaginary roots 
of the equation a,^-j:^ + a:* + x^ + l=0. 

30. Prove that the real root of the equation jc^+ 12.'*=12, is 
2 ^2 - ( ^2)2. 

31. Find the equation whose roots are each the cubes of the roots of 
the equation 3c2-5jc+6 = 0, and test the accuracy of the result by the 
solution of the two equations. 

32. Solve the reciprocal equation 

x5-5i:*+9j:3_9c2+5^_l=0, 

33. Solve Gac^ - 23^^ - 6x + 8 = 0, having given that the roots are in H. P. 

34. Two roots of a^+x^- llx2-9x+18 = are of the form +a, -a: 
find all the roots. 

35. Form the biquadratic equation with real and rational co-efficients, 
two roots of which are 1 + Va^ and - \/ — 6. 

36. One root of sc^+x^-SwC^- 16x- 8=0 is 1 - Vd ; find the others. 

37. The equation ic^ — 5x2+ 8a;- 4=0 y^,^ \^^q equal roots : find all. 

38. Solve x-3- 11^2 + 36x- 36=0, the roots being in H. P. 

39. Prove that ic*-x3-x2+2x-3 = haa a real root between 1 and 2. 

40. Prove that every equation of an odd degree has at least one real 
root with a sign contrary to that of the last term ; and every equation 
of an even degree with its last term negative has at least two real roots 
of opposite signs. 



XVI.— MISCELLANEOUS PROBLEMS. 

(i.) Ifa + Z> + c = 0,thena-'::^+^g^i:^+c ^'~f =0. 

b—c c—a a—b 

For a-, — - + ... + ... — a(br + 6c + r^) + . . . + . . . = ah- + abc + ac^ + bc- 
b - c 

+ abc + ba^ + ca^ + abc + b-c 

= {a + b + c)(hc + ca + ab) = 0. 



MISCELLANE O US PR OBLEMS. 1 2 



D 



(ii.) Prove that 

Call the left-hand expression A, Then ^=0 when y — z^ i.e. when 
y-z=0. 

.'. A is divisible by y-z; similarly, A is divisible hjz — x and by 
x-y. [See § 2, p. 112.] .*. ^=^(y-a)(2!-x-)(a;-2/). 

B cannot contain x, 1/, or 2, for the right-hand member is already of 
the third degree. . *. B must be simply a number. 

Puta;=0, ?/=l, 2=2, then -1 +8- 1=^(- 1) x 2x(- 1), 

.-. 6 = 2^, .-. 1? = 3, and .*. A^Z{y-z){z-x){x-y\ 

(iii.) Prove that (a+^>+c)* — (6-f-c)*— (c+a)* — (a+5)* 

+a*+5*+c*=12a6c [a-\-h+c). 

If we put « = 0, ft = 0, c=0 in succession, the left-hand member vanishes, 
.*. ii=Mahc. Now, •.' it is of the fourth degree and symmetrical with re- 
spect to a, 6, c, .*. ilf must be a symmetrical expression containing a, 6, c 
in the first degree only, .*. M==N (a-^b + c) where N is necessarily a 
number. Thus (a + 6 + c)*. . . =Nabc(a + b + c). To determine -^, put 
a = 5=c=l; then81-3xl6 + 3=iV.3, .'. 3iV=36, .*. iV=12, 

. '. the given expression —I2abc{a + b + c). 

(iv.) In how many different ways can £5 be made up of 
sovereigns, half-crowns, and shillings, one coin at least of each 
kind being used 1 

(a.) 1 sovereign, and 2, 4, 6 ... or 30 half-crowns, and the remainder 
in shillings : which gives 15 ways. 

(iS.) 2 sovereigns, and 2, 4 ... or 22 half-crowns : 11 ways. 

(7.) 3 sovereigns, and 2, 4 ... or 14 half-crowns : 7 ways. 

(d.) 4 sovereigns, and 2, 4, or 6 half-crowns : 3 ways. 

Therefore the number of ways = 36. 

(v.) Find the term in the product (l+x—x^yxil^x+x^y 
which involves x^. 

(l+ic-a;5i)2x(l-x + a;2)2=[{l + (a;-a;2)}{l-(x-a;2)}]2={i_(a;_jc2)2}2 

= (l-a;2-|-2j:3_a;4)2^. . .-2x2-|-. . . [See § 2, p. 1.] 

Therefore - 2^2 is the required term. 
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(vL) Eliminate x from ax*+to+c=0 and aV+ya;+c'=0. 

and aa'a:*+ayx+c'a=0 i . caf -da 

Again, c'aa?+6c'x+«j'=0 ) /. (tf'a-<aOx'+(&c'-yc)x=0, 

and ca'««+6'a+aj'=0 ) . hd-Ve 

da—ca 

„ . ., ^ 1 * .ea' — da hd —Vc 

Equating the two valaes of x, we get _—__=—-- — ^ 

.-. {ca'''day^(al/-a'h)(hd-h'c). 

(viL) If -<4+-Ba;+C!r*-=a+&i:+ca:* for three different values 
of Xy then A=a, B=b, C=e. 

Let the three values he a, /3, y. 

.'.A+Ba+Ca^-^a-^ha+ea* \ 

^+^+Cy =a+6y+cy* ) 
.•.5(a-/3) + 0(a«-/3^=6(a-P)+c(a«-P«)K ^ . 

/. 5+C(o+«=6+c(o+ffi I ^ j.^.^^ ^j ^_p ^^^ p__ 
jB+C03+y;=6+c03+y)J "^ / h k 7 

. *. hy suhtraction C(a - 7) = c{a - y\ . '. C= c by division by a - y , 
and .'. also ji=a, JB=6. [See § 4^ p. 20.] 

(viiL) Between what values must 2; lie in order that 2a:* +5x— 3 
may be negative. 

2»2+5x-3=(2x-l)(x+3)=2(x-J)(x+3). 

Therefore if x > + J, both factors are positive, 
if X < - 3, both factors are negative, 
but if X is < + J and > - 3, x-i is negative and x+3 is positive. 

Therefore in order that 2x^+5x-3 maybe negative, x must lie be- 
tween +J and -3. 

(ix.) Find the value of ^^^^Z^ ^^®^ ^=2. 
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If we put x=2, we get 1|_?|±1?=:^, which is indeterminate; but 

o — 14 + 

since both numerator and denominator =0 when x^2, 

,\ 05-2 is a factor. 
Dividing out we get («-2)(2^'-3x-6) _2 x2-3x-6 



Now put a; = 2 : thus we get 



8 -6-6 ^ 4 
4+4-3" 5* 



(x.) Eliminate z from 

ya;*— 6a;+4y=0, and (y— 2)aj*— 2aj+5y— 2=0. 

y(t7-2)a;2-(6y-10)a;+47/-8y=0 ) 
y(y-2)x*-2ya;+6y2_2y =0 J 

.'. (3y-10)x=-y2-6y .-. g^-y'-^y 

3y - 10 

^V3y- 10/ ^ 3y- 10 ^^y-" 
.-. y*+12y8+87y'-200y+ 100=0. 

(xi.) Given a;— Va;— 1+ >v/»+T=0, obtain an equation of the 
sixth degree in x free of roots. 

.-. a^-3s^^x-l+3x{x-l) - (»- 1) VJ^= -X- 1, 

.-. - (3aj2+aj- 1) V«^= -o^- 3a;2+2a;- 1, 
.-. (9x*+x'+l + 6a8_6a.2_2a;)(a;-l)=a6+9x*+4a;2+l + 6a:3_4^ 

+ 2x3- 12x3 + 6x3- 4a;, 
.-. x«-3xfi+8x*+x3+7x2-7x + 2=0. 

(xii.) Eliminate x, y from the equations 

x-{-y=ay a;*+y*=^», a;^4-y»=c«. 

(a;+y)2-(x2+y2)=a2-62, .-.xy^^^^zl' 
.^^0(36^^ .•.a(362-a2)-2c3=0. 



128 MISCELLAXEOUS PROBLEMS. 



(xiiL) Determine values of/?, </ which will make 

\\f — \^if -\-lnf -\-q\j-\'\^ a perfect square for all values of \j. 

4?A* - 12y3 ^-pf + /jry + 16 '^f - 3y + 4 
\f 

-12>/3 + V 



4y2 - 62/ + 4) 0^ - 9;ir + qy + n> 

lGjr-24y+if; 



If this remainder =0, the given expression is a perfect square, 

.'. |?=25 and 5 = - 24. 

Otherwise, assume 4»/* - 1 2^ -\-py^ + g// + 1 6 = (2j/^ + ay + 4)* = 4y* + a-y^ 
+ 16 + 4ay' + 16y2 + Say. Equating co-efficients, we get a = - 3, 9 = — 24, 
and;? = 25. 

(xiv.) If X be real, show that ic*— 8jC+20 can never be< 4. 
a:*-8x + 20=(x2-ac + 16) + 4=(z-4)2 + 4. 
But •.* X is real, .'. (z - 4)'' must be either or>0. 
Therefore ac^ - 8x + 20 cannot be<4. 

Otherwise^ assume x* - 8x+ 20 = y : then x = 4 ± >/y-4 .*. y cannot be<4. 

(rv.) Find the first term of the third order of differences of 
the series 1, 5, 15, 35, 70. 

The rule for finding the several orders of differences of a given series 
of terms is the following : — 

^i.) Take the first term from the second, the second from the third, 
the third from the fourth, and so on ; the remainders will form the first 
order of differences. 

(ii.) Take the first term of this last series from the second, the second 
from the third, and so on ; the remainders will form the secmid order of 
differences. 

(iiL) Proceed in the same manner for the third, fourth, etc., orders of 

differences. 

Thus we get in the example given — 

1 5 15 35 70 
4 10 20 a5 
6 10 lo 
4 5 

.'. required term = 4. 
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EXAMPLES. XVI. 

1. Find the co-efficients of x", oc' and a* in (ac+a)' x (x - a)*. 

2. Prove x(y+a)'+y(a+a;)>+2(a;+y)>-4xy8=(y+2)(2+a;)(a;+y). 

3. PW)vethata(6+c-a)2+6(c+a-6)*+c(a+6-c)*-12a6ci8divisible 
by a+6+c, and find the other factor. 

4. Simplifjr s --7: )• x-y^ 

\Nx-a Nx+ai ^{x+aY-aoi 

5. Find the four factors of (1 +y)* - 2(1 +y2)xH(l - y)^. 

6. Find the limits between which ^ " ^ will lie for all real 

2x* + 2x+l 

values of x. 

7. Show that (a-x)(x+Vx*+6') cannot exceed ?5-J — for possible 
values of x. 

S. If X be a real quantity, prove that — ^ — ^— must be either < 1 

or >3. 

9. K 1 +a+a*=0, prove that o'=l, and that 

a^ + y* + 2^ - 3xy»— (x + y + «)(x + ay + a*a;)(x + a'y + oa). 

10. If a be a large integer, and N an integer between a^ and (a+ 1)^ 

prove that IJN^^ 34. JV " *' ^^^^^J- 

11. Two men A and B set out at the same time in the same direc- 
tion. A travels 8 miles a day ; B travels the first day 1 mile, the second 
day 2 miles, the third day 3 miles, and so on. In how many days wiU B 
overtake A ? 

] 2. Find the value of the following Indeterminate Forms : — 
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/jj{\ 1+x— 0/ — ar when x= — 1 

(^•) i&Zl ,whenx=0. 

(vi) -^ L when x=l. 

(viii.) a^-l^+3d ^j^^^ gj^2 and when a=3. 

14. Prove that (a;+y+2)'-a;»-y»-a'=3(y+2)(2+ajXx+y). 

15. Prove that (ac+y +»)* - x^ - 1/* - 2^ is divisible by (y +«)(«+ «)(x+y), 
and find the other fieu^r. 

16. Prove that (x-a)2+(y-6)2+(a«+62-l)(x«+y»-l)=0 is equi- 
valent to the equation (ax + &y- l)' + (6x-ay)'=0 ; and hence that the 

only possible values of X, y are -^—p -2TT2' 

17. If x=7 — ^""^ _ piovethat(x+a)(x-6)=(x+cXx-cO,andthat 

(a — 6) — (c— o) 

x+g _ (tt-c)(<^ + <Q 
a;-6"(6-d)(6+c)' 

18. If 2«=a+6+cand2(T'=a'+6'+c', prove that 
((r3-a3)(«-a) + (cr«-68)(«-6) + (<r3-c»)(«-c)=a*+6*+<^-«cr». 

19. If «=a+6+c, prove that 

((w+6c)(6«+ca)(c«+a5)=(6+c)«(c+a)«(a+&)*- 

20. Provethat4(a«+a5+6^5-27a26«(a+6)»=(a-6)2(a+26)»(2a + 6)2. 

21. Findthefactorsof x»- 9x^+1 lx+ 21. 

22. If x-. — = l, prove that x2+^=3 and x?--j=4. 



X 



^ ^. ^ 
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23. Prove that 

a*6 + a2c + 6*c+6*a+c2a+c*6+3a6c=(a+6 + c)(&c+ca+a6). 

24. If ox'+ftx+c becomes 8, 22, 42 respectively when a; =2, 3, 4 : 
find its value when «= - J. 

26. Eliminate a; between the equations o? —p7^ + grjc — r = and x = Vy+1, 
expressing the resulting equation free of surds and arranged according to 
descending powers of y. 

26. K a5+6c+ca=0, prove that „i^+.^-i—+ -5-^=0. 

a* — be (r — ca cr—cUf 

27. If «^+6^+«x'+<fo+« is a perfect square, prove that f-=|. 

28. If (a«+6*)(a;2+y2) = (aa;+6y)«,provethat— =-^. 

a 

a h^ c^ d* 

29. Write down the square of — - - — +~ - —-. 

30. Write down the quotient of x'-y* divided by x*+yl. 

31. There are two numbers whose product is 192, and the quotient of 
the arithmetical mean by the harmonical mean of their G. C. M. and 
L. C. M.»3|| : find the numbers. 

(1 \** 
— j part of the work that B and C can 

(1 \** /n, / 1 \'* 

— j part of what C and A can do together, and C I — j 

part of what A and B can do together ; compare the times that each 
would require to perform separately a fixed amount of work. 

33. If a+6+c=0, prove that a'-&c=6*-ca=c'-a6. 

2^ 4.2; 4- 1 

34 Find the maximum value of , , for real values of x. 

x*-x+l 

3x — 2 

36. Split -. -r-, -T- into partial fractions. And so sum the series 

*^ (x+2)(x+l)x *^ 



1.2.3 2.3.4 3.4.5 '4.5.6 

36. Show that the value of (a« - be) + {h^-ca)+ (c« - oft) is not altered 
if a, 5, c are each of them increased or diminished by the same quantity. 
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37. Show that (a+6+c)(ax'+6y'+c3«) = (ax + &y + c2)2 + 6c(y-2)* 

+ cai^ - as)* + a5(x - yf. 

38. Multiply Jxi- ly3 by j<i;+ Jx*y8+}y». 

X* — 3a; + 4 

39. Show that ,- „-- — r must lie between 7 and ^ for real values of x. 

JL-^JL-i-V i-_/'i._J_V JL_/'I._JlV 

40. Simplify J IV 1^/1 1\' l_/i IV 

41. If x=a + — and y =6 + ^, prove that 

V(ajy + 2x + 2y + 4)=(ai + a"*)(6i + 6"i). 

42. Find the minimum value of x' - 2x+3 for possible values of x. 

43. If ox' + ftx^ + cx + d is a perfect cube, prove that -=-=-=-. 

44. Divide 

/ + 6--C y / g + c-fr \i 

45. Simphfy - ---^_ ^ ^ _ ^ . 

W-a2 + 26c + c2; "*■ Va2-62 + 2ac + c2/ 

46. To complete a piece of work A takes twice as long as B and C 
together, and B takes thrice as long as A and C together; compare 
the time that C would take with that which B and C together would 
take. 

47. Prove that {(x-y)2 + 3xy}{(x + y)«-3xy} = (x2-yy + 3xy ; and 
find the feictors of 

ate«-(a« + &2)a^ + ^5y2^ 2,3+c3„35c+ 1^ and x* + y*-2(x2 + y2)4-l. 

48. A and B set out together from the same place. A goes 8 miles the 
first day, 12 the second, 16 the third, and so on ; B goes 1 mile the first 
day, 4 the second, 9 the third, and so on. How many days will they 
travel before B overtakes A ? 

49. Express x' + 20y^ + 70«^ + 62y« + 4xy + 62x as the sum of threei 
squares. 

50. Find the square root of x + y + Vx^ - y' + V2xy + 2y* + \^2xy - 2y'. 
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51. Show that if n be an even integer 

1 ,1, 1 . . 1 ^2;^ 

|1 |n-l"^|3 1/1-3"^ |5 \ n-fi ' ' ' "^[w-l |1 |n_*- 



62. Prove that the squares of a;2-4x+2, x^'-2x+2, and ac^-S are 
in A. P. 

53. Prove that 

, .^ . 1^3 3^. 1^3.5 3^ 

"^23"^i.2-2«"^1.2:3-2«"^--'^'^'* ~'^' 

54. The sum of three numbers in H. P. is 13, and the sum of their 
squares is 61. Find them. 

55. Find the cube root of 1003 to five places of decimals by the 
Binomial Theorem. 

56. If the arithmetic mean between two numbers is 1, prove that the 
harmonic mean is the square of the geometric mean. 

57. Extract the square root of 

81(a;*+ l) + 36a:(x2 - 1) - 158x2. 

58. If a+6+c+d=0, prove that 

ahc + bed + cda + dab = ^{bc - ad)(ca - bd)(€J) - cd), 

59. Express (62 - c2)(l + ab){l + ac) 

+ (c2-a2)(l+6c)(l+6a) 

+ (a2 - 62)(1 + ca)(l + cb) as the product of four factors. 

or. Ajj * ,1. 2 3x+4 ,5x+6x2+7 

60. Add together ^-, (533^^ and -(5:: 3^)3- : 

and take 7^ — =^ ^ -vo from 



(1 - 3x - 5x2)3 ""»" (1 - 3x - 5x2)*' 

«i Ti>r u- 1 a ^, , 33x-18x2-13, . ,^ 2x2+32x-27 

61. Multiply 6X-7 + ^^^^ by4x+9 ^^^ . 

62. Find the greatest common measure of 

X* - 9x3 + 29x2 - 39x + 18 and 4x3 ^ 27x2 + 58x - 39. 

63. Solve the following equations : 

(i.) V(« + 3) X V(3x - 3) = 24. (ii.) ^{x + 2) + V(3x + 4) = 8. 

(iii.) 3x3+^fa;3_39a.=81. 



134 MISCELLANEOUS PROBLEMS, 

64. Find a mean proportional to 441 and 841 ; and a third propor- 
tional to 81 and 99. 

65. When are the clock hands at right angles first after twelve o'clock 1 

66. If the diameter of a goinea is to that of a soyereign as 9 : 7, in 
what ratio should their thicknesses be ? 

67. A number divided by the product of its digits gives as quotient 
2, and the digits are inverted by adding 27. What number is it ? 

68. A bill of ^26, 158. was paid with half-guineas and crowns, and the 
number of half-guineas exceeded the number of crowns by 17. How 
many were there of each ? 

69. Prove that 
(ac-Hl)2(6c-H*l)2-{(ac-l)(6c-l)+2tf}2=4<;(a-|-6-l)(a5c2+c+l), 

and show that the expression ^— cannot lie between and — 4. 

sc-l 

70. Solve the equations 

71. If a, p, y be the roots of the equation x'+jwi^+gx-HrssO, form the 

equation of which the roots are — , - -, — 

op py ya 

72. From a given point in a circular race-course, A starts to walk two 
miles against B running three, and loses by a quarter of the length of the 
course. It is observed that A is not passed by B until the former has 
walked 1§ of a mile. Find the circumference of the course. 

73. Find the number of spots upon a set of dominoes ranging from 
double blank to double n : and prove that it is a multiple of 3. 

74. Find the greatest common measure of 

a^ - 15x8+81x2 - 186X-I- 150, and 4x3 - 45x2+ 162x - 185. 

75. Add — 1-, ,1^^ ^!r^"" x7' And take - — L_^ from 

2+3x' (2 + 3x)2' (2+3x)3 l+x+x« 



1 - X - x^* 



^/, ik>r !*• 1 o.R 12+41x+36x*, R o^ . 26x-8x«-14 

76. Multiply 3+5x — -^ by 5-2x+-^-- — . 

'^ ^ 4 + 7x 3-4x 
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77. Solye the followiog equations : 

(i.) >y^+l=4. (iL) V(x+3)+V(3x-3)=10. 

(iii) »+y=6; (z^+y*) (x3+y3) = 1440. 

78. Find a mean proportional to 2^ and 5|, and a third proportional 
to 100 and 130. 

79. Find two numbers in the proportion of 9 to 7 such that the square 
of their sum shall be equal to the cube of their difference. 

80. The ten's digit of a number is less by 2 than the unit's digit, and 
if the digits are inverted the new number is to the former as 7 : 4. Find 
the digits. 

81. Forty sheep are bought for ^100, 20 are sold at 10 per cent profit. 
At what price per head must the rest be sold to clear 20 per cent, on the 
whole lot % 

82. Prove that 

nfn+l) 
(l+x)*+n(l+a;)*-»«+-^^2— '(l+x)*-V+. . .to cx> =(l+x)«». 

83. Simplify 

(L) (x - a)(x - 6)(x - c) - [&c(x - a) - x{(a + 6 + c)j? - a(6 + c)}] : 
a-h g'-y 

and (u.) T-. i — io* 

84. Extract the sixth root of 

85. Show that ^ V^ + — ?I1^L=.=V2. 

V2+V2+V3 V2-V2-V3 

86. For what values of x will 2x'+x - 6 be pon^ive .^ 

87. A tradesman sells his goods at a price which gives a profit -of x 
per cent on the selling price, and x+50 per cent on the cost price. If 
his profit for a single day be ^20, find his gross receipts for that day. 

88. If the roots of x*+j»+gf=0 and x'+9x+2>=0 differ by the same 
quantity, and j? be not equal to 9, prove that |>+9+4ss0. 
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89. A man writes three letters and directs three envelopes into which 
he puts them at random : find the chance that all the letters will go 
wrong. 

90. Find the co-efficient of a^ in the expansion of , — ,7" — r. 

* (3-a;)(2x+l) 

91. Prove that (a*-i-6*-i)(a*-6»)(a*+i-6»+i) is divisible by 
(a-6)(a2-62)(a3-6»). 

92. Find the L. C. M. of ic'-4x«+7x-12, 2a:3-3a;«+9x-4, and 

93. If any two of the fractions (^+^)(£+^^ (a+c)(6+d) ^^ 

. , he equal to one another, then each must be equal to the 
ad+oc ^ 

third and also to - 1 ; o^ 6, c being unequal quantities. 

94. Prove that 7+ 3^5 ^ — 7- 3^/5 ^^J^, ^^ determine 

V2+V7 + 3V6 V2+V7-3V5 
which is the greater, ^10+^7 or V19+V3. 

95. Solve the equations : 

4x8+4x>+8a;+l 2x*+2x+l 



(i.) 



2a2+2a;+3 x+1 



and (ii) f^-±|?)*=' 

96. Supposing that each of six courts sends an ambassador to each of 
the others, how many ambassadors would there be, and in how many 
different ways could they be distributed ? 

97. A pound of tea and three pounds of sugar cost six shillings ; but 
if sugar were to rise 50 per cent, and tea 10 per cent., they would cost 
seven shillings. What are the prices of tea and sugar ? 

98. Find the co-efficient of x in the product (x + 2)(a; - 6)(x - 10)(x + 1 4). 

99. The product of two factors is (2x+3y)'+(2y+3»)', and one of the 
factors is 2x+ 5^+32 : find the other. 

lOx* — 7x'+x* 

100. Reduce 4a4._2g^-2x4 -T *^ ^^ lowest terms, and simplify 

.. V a + h-c h-^-c -a . (c+a— 6) 



(6-c)(c-a)^(c-a)(a-6)^(a-6)(6-c) 
( g+2y X } . ( y .a^+y) 

("0 |ic+7^7i"u+y"^"rr 
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101. If a+^= Land c+ — = l, prove that6+ — = 1. 

102. Findtheyalueof ^2,4+y2 ^^eng=^3-^andy = y3-^. 

103. Solye the equations : 

WtIt + M — a-^^l^-M- 

(u.) (a;+2a)(a;- a)2=(x+26)(x- 6)2. 

(m.) r-T-o 9VI = ^» 

^ -^ a+(a2 — sc2)4 

104. Express in factors 

^{y + «)^ + y(^ + *)* + *(* + y)* - ^acya, 

and if -4=a2~6c, B—h^—dc, C—c^—db : prove that 

105. Reduce to its simplest form the fraction 

(a2+62_c2 b^+c^-a^) (a+h + c a+c-h 



ah 



~bc 5 (a+c-b'a+b+c ]' 



106. A and B gained by trading ^100. Half of A's stock was less 
than B's by ^100, and A's gain was ^ of B's stock : what did each put 
into the stock, and what are their respective shares of the gain ? 

107. A number consisting of three digits is equal to 42 times the sum 
of the middle and left-land digits, the sum of the digits is equal to 9, 
and the right-hand digit is twice the sum of the other two : what is the 
number ? 

108. Solve the equations : 

3a; 2y 2 '* 

4 14 

5a; 2y z ^", 

(u) ^-7 a;-8 2g-7 2a;-ll 
^ *^a;-5 a;-6~2x-5 ^^=~9 



138 MISCELLANEOUS PROBLEMS, 

109. A and B distribute £h each in charity : A relieyes 5 persons 
more than B, but B gives to each Is. more than A. How many did they 
each relieve ? 

110. Add together Vl2, 3 V75, \ Vf47, and | V^. 

^^^^ 3 ^fvi ""^ >^38-12Vio: 

111. Find the sum of 8 terms of the following series : — 

(i.)3f + 2}+li+l+ . • • 
(ii.)3S+2}+lJ+0- ... 

112. The number of combinations of 7i+ 1 things 4 together, is 9 times 
the number of combinations of n things 2 together ; find n. 

113. Expand (l + 2a;)i to five terms by the Binomial Theorem, and 
show that the result is the same as that obtained by extracting the 
square root of l+2x by the usual method. 

114. If the scale of relation of a recurring series 

a+6a;+cx2+ . . . +]bJ»"*+Lc»-^ be l-rx-«x*, 
find the sum of the first n terms. 

115. Solve the equations : 

(i.)xay+xy2=,i20 



x^ V 15 ; 



(il) 3xy-y2=35 ) 
3y8-a^ = 59) 

116. For a journey of 108 miles 6 hours less than would have sufficed 
had one gone 3 miles an hour faster. How many miles an hour did one 
go? 

117. Simplify the fractions : 

(f* /)p3 fA 



1-a; (l-a;)2^(l-x)5 



x2-2aa;+a* a^+ax x'+a^ x*-2ax^+aM 

118. Find the G. C. M. of 4x*- 4xV+4xy«- y*, and 

6x* + 4fl;3y - 9x«ya - 3xy ' + 22/*. 
Hence find also the L. C. M. of these two quantities. 
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119. Divide 3756025 by 6 in the scale of 8. 

Express 215855 in the scale of 12, and 23*125 in the scale of 9. 

12(). Find the eighth term in the expansion of (1+a;)", and the r'* 
tenn in that of (1 -2a;)"* : and expand (1 -sc*)"! to five terms. 

121. If the Geometrical Mean between two quantities » and y be to 
the Harmonical Mean as 1 : n, prove that sc is to y as 1 + Vl - ?t^ is to 

1- vr^n^T 

Herice show that the Geometrical Mean between two real quantities is 
greater than the Harmonical Mean. 

122. A purse contains a certain number of sovereigns, three times as 
many shillings, and five times as many pence, and the whole sum is 
£281 ; find how many sovereigns, shillings, and pence it contains. 

123. If P and Q be the nth terms in the expansion of 

(a2 - a2) - i and (a^ - x^) ' «, prove that -^ = *^ 



Q 2n-l 

124. A sum of money is distributed amongst a certain number of 
persons. The second receives Is. more than the first, the third 2s. more 
than the second, the fourth 3s. more than the third, and so on. If the 
first person receives Is., and the last £3, 7s., find the number of persons 
and the sum distributed. 

125. Find the chance of throwing 6 with two dice : and the odds 
against throwing 6 twice at least in three throws with two dice. 

126. Write down the last three terms of the quotient of 2;+^ divided 
by X '-^+1 +i/^+i, n being a positive integer. How many terms will there 
be in the quotient ? 

127. Solve the equations : 

(i.) 2cx^-ahx+2abd=4cdx. 

(ii.) (a;+t/)2-22=:65, x2-(y+»)«=13, ic+«-y=9. 

128. A bill of <£63, 5s. was paid in sovereigns and half-crowns, and the 
number of coins used in the payment was 100 : how many of each kind 
were used ? 

129. Prove that 

_^ . 1 I ^ ^ 

(a - 6)(a -c){x + ayifi- c){h - a){x + b) ic-a)(c-b)(x+c) 

^ 1__ 

(x+a)(x+h){x+cy 
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130. Find the squaie root of 

131. Find the value of ?±|? + ?+|*, when x= ^,. 

x-2a X— 26' a-\-h 

132. Divide a-62 by ai+aiW + ai6+6i 

133. A cubical tank contains 512 cubic feet of water. It was required 
to enlarge the tank, the depth remaining the same, so that it should 
contain 7 times as much water as before, subject to the condition that the 
length which is added to one side of the base should be 4 times the length 
added to the other side. Find the sides of the new rectangular base. 

134 A watch which is set right at nodn gains two minutes the first 
hour afterwards, three the second, four the third, and so on : after what 
interval will the watch be an hour and a half fast, and what time will it 
then indicate ? 

135. If the series which are the expansions of (l-fl5)*and (1 — x)~* 
be multiplied together, find the co-efficient of a^ in the product. 

136. Find a G. P. such that the sum of the first two terms may be 12 
and of the first three may be 39. 

137. Find the square root of 

3(3a2 - 2o6 + 62)(a2 + ^) + h\a + 46)«. 

138. Add a term to 2px^+2qx which shall make the result a perfect 
square for all values of x. 

139. Simplify (L) (^ + 2!-).-^- ^ +-^: 

'^ '' ^ ' \y x) y*-x» ^^rxfij xy-y^ 

and (iL) xiyig)^IL^*. 

140. Ifa,ParetherootsofZx*-2fiw;+n=0,provethat — +1--— =0. 

a p n 

141. Find the first four terms of (y-y'+y*-y^+ . . .)*• 

142. Assuming th&t -^—^-—^== A + By +Cy^+I)y^+ .., find the 
values of A, J5, 0, D. 
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143. If 2(a^+a2-aa;)(y2+62-&y)=a;V+a262, prove that 

(a;-a)2(y-6)2+(6x-ay)2=0, 
and hence find the only possible values of x, ^. 

144. If -^ — 5 — ^^ — be converted into a continued fraction, prove 

that the quotients will be % — \ and n + 1 alternately : and find the 
successive convergents. 

145. If y=2a; and a =36, simplify 

(g g + 5y)(ay + hx){a^ + x^) 
{px - ay){by - ax){b^ + y^)' 

146. Find the number of arrangements of the expanded form of the 
expression a^h^ such that the two 6's come together in each arrangement ; 
and prove that the number of arrangements in which the two &'s never 

come together is equal to ??i&t_2. 

147. If a, /3 are the roots of x^-px+q^O, form the equation whose 
roots are ~ and -^. 

148. Find the sum of 2w+l terms of the series a+{a+d) + (a+2d) + 
. . . beginning with the (w+1)** term. 

149. Simplify >/a«Max6*x(aa2)-i. 

150. Of 12 men, 2 can steer and cannot row, and the rest can row but 
cannot steer : in how many ways can the crew of an eight-oar, with a 
coxswain, be made up 1 

151. Solve the equations : 

_ 4x-9 

(iL) {x^-bx+b^){ax+ah+b^)=-aa^+a^^+bK 

152. Find the scale of reUUion in the recurring series 2+3x+19x* 
+ 101r^+ . . . having given that it is a quadratic expression. 

153. Prove that 

(l+x+x2+«'+ . . .)*=l+4a;+10a:»+20ic3+35a5*+ . . . 

154. Find the sum of 

»L:l+^+^_z3+ . . . to 71 terms. 
nx nor nar 
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155, A maa walking 60111 A to B, at tke nie of 4 mikt an hour, starts 
one hoar before a eoodi tnrdliiifr 12 miles an hoor, and is pidced up by 
the eoadL On reaching B he finds that his eoach joamejhas hsted two 
hoom Find the distanee from A to K 

15& IWetha(x+iy-(x-iy=l2(,.+^+^. 

157. If the second tenn of an A. P. be a geometric mean be t ween the 
fiist and fourth terms, prore that the sixth term will be a ge om e tr ic mean 
between the fourth and ninth 



158. If a,h,e and d be all positire, piore that ^ vf cannot be 

159. If the »+l nnmben o^ 6, «, d . . . etc., be all different, and each 
of them a prime number, prore that the nnmber of different fiuston of the 
expression dPfrcd etc:, will be (m+ 1)2*— 1. 

100, If e^ denote the comlnnations of n things r at a time, prore that 

161. Pfore that the eo-effident of a^ in the expansion of . is 

1, 0, or - 1, acoordisg as n is of the form 2m^ 3m— 1, or 3m+l. 

162. There are 8 Tolnmes of one work, 3 of another, and 1 of another. 
If tbej are placed on a shelf at random, find the chance that the Yolomes 
of the same work shall all be together. 

lea. Prore th.t(l+.).-2.Sl-^^+'<»^)Q^y-. . .}. 

164 Conyert VlO into a reconing continued firaction, and find the 
first 5 conreigents. 

2 1 

165. Find the ralue of -5 — r r when x=l. 

166. Transform the equation oc^- 12a:'+3a;+16»0 into another want- 
ing the second term. 

167. Solre the equations : 

(i.)x?- 605=6, 

and (IL) a?+9a-6=0, by Cardan's Method. 
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168. Get rid of the second tenn from the equation 

or^ - 6a^ + 18a; - 22 = by transformation. 

169. Findalltherootsof jB34.3a;2_ga._3::^0. 

170. Two detachments set out together to a station 30 miles away ; 
but one detachment, by travelling a quarter of a mile an hour faster than 
the other, arrived there an hour sooner : find their rates of marching. 

171. Find the leaat number which, when divisible by 39 and 56, shall 
leave the remainders 16 and 27 respectively. 

172. Divide 100 into two parts, so that one may be divisible by 7 and 
the other by 11. 

173. Solve xy8=231, icy«;=420, a»M7=660, and y2«;=1540. 

174. Sum the following series to ao : — 

\\,) 3^9^27 81^ • • • 

UW 4 i6"*'64 256"*" • • • 

175. Find the number of shot in a complete pyramidal pile on a square 
base, each side of which contains 50 shot. 

176. Find the number of shot in a complete pile on a rectangular base 
consisting of 25 tiers, th^ number of shot in the top row being 35. 

177. Sum:; — 5~5+;r~4 — k~^ r a >7 ~^ • • • to2n-l termsandto 00. 

1.2.3 0.4.0 D.o./ 

178. Find the radix of the scale in which the ordinary number 6629 
will be expressed by 50405. 

179. The sum of three numbers in H. P. is 13, and the sum of their 
squares is 61 : find them. 

180. Compare the co-efScient of the seventh term of the expansion of 
(1+a;)'*"*'^ with the co-eflBcient of the seventh term of the expansion of 

., _ x^-2 5 8^^ ^^ ^ when the greater of these co-efficients is double 
the less. 

181. Sum e lo '^ io 14 *^ 14 18 ^ ... to 10 terms. 
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182. Multiply l+2x*+aB+4xt by l-2x*+3a-4xl. 

183. Solve the equations : 

- 96 

(L) Vx+V5r:64=;;g3^; 

(iL) a<y+«-x)=39-2a5«, y(x+z-y)=52-2y«,a(x+y-a)=78-22*. 

184. Determine whether the following pairs of nambers are prime one 
to another : (L) 768, 823 ; (il) 627, 1034 ; (iii) 30303, 12780. 

185. Solve the equation 2*»3009;+301. 

186. If the roots of a^+oa^+fec^+cx+dssO be in H. P., prove that 
6»«4ac. 

187. Prove that 

(l+2a;+2x2+ ... to oo)«=l+4x+8a:»+ . . . +4niC»+ . . . to oo. 

188. Prove that 

A « +^ 22-3, . . . -U. 

189. Sam the series 

1.2 2.3,3.4 
V^^ 3 ■*" 3« ■*" 3* • 

and (ii.) -2-+I+2+3-Q-+5+ . . . each to n terms. 

190. If a be the arithmetic mean between 6 and c, and 6 the geometric 
mean between a and c, prove that e will be the harmonic mean between 
a and &. 

191. Divide jb' - 3a^ - 2a3 by (x+a)', and hence find a positive alge- 
braical quantity which, substituted for x, shall make x^-3a^-2a'=0. 

192. If the roots of the equation x^-ox+^^O be the cubes of the 
roots of the equation x*- ex +(2—0, find a, 6 in terms of c, d. 

193. If the number of combinations of n things 2 together = m, prove 
that the number of combinations of m things 2 together = thrice the 
number of combinations of n+ 1 things 4 together. 

194. Write down the co-efficients of a^ in the expansions of (1 -x)~' 
and (l-x)"*. 

195. Two vessels contain mixtures of wine and water ; in one there is 
thrice as much wine as water, in the other five times as much water as 
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wine ; find how much must be drawn off from each to fill a third vessel 
which holds 7 gallons, in order that its contents may be half wine and 
half water. 

196. Find the n** term and the sum of the first n terms of 

^^•^ 1.6^2.7 3.8^ • • • 

and (ii.) 8-12 + 18-27+ . . . 

197. Sum2+a;-x2-5x3-13x*- ... to 00. 

■^ ,<*.^.c._l.l.l, , 

198. Prove that 5;+ ^+^ ^ a" T T' ®^ ^' ' ^ ^^ ^^^ v^'tt^ 

unequal positive quantities. 

199. If a;+y+2=0, prove that 

ac^ + y^ + «* + 5icy»(y2! + «c + acy) = 0. 

200. Two numbers a, 6 being given, two others a^, \ are formed by 
the relations 

3ai = 2a + 6, 36i=a+26 ; 

two more a^ h^ are formed from aj, \ in the same manner, and so on : 
find a^, \ in terms of a, 6, and prove that, if n increase indefinitely, a^ 
and 6^ are ultimately equal. 

201. Find the square root of 

(5i+9l)+(6i + 94). 

202. Find the radix of the scale in which the denary number 124*96 
is expressed by 444*44. 

203. Determine whether 2x^ is greater or less than a;+ 1. 

204. Substitute y+1 f or sc in the equation 

a:3-2a:2-5x+6=0, 
and solve the resulting equation. 

205. Without solving the equation 

6x«-96x+ 378=0, 
find the sum of its roots, their difference, and the sum of their squares. 

206. Show that the cube of any integer n, is the sum of n consecutive 
odd numbers. • Verify this result in the case of 81. 

K 
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207. A bag contams 3 white and 7 black baUs, what is the chance of 
drawing 1 white and 2 black balls in 3 trials^ drawing one ball at a time, 
the balls being replaced after each drawing ? What is the chance if the 
balls are not replaced ? 

208. Find the quotient and the remainder when 32^+ 17x'+ lOx - 14 is 
divided by x — 4. 

209. Increase by unity each root of the equation 

ac»-6x^+6x-3=0. 

210. A rifleman fires point blank at a target 500 yards distant from 
him, and hears the bullet strike the target 4} seconds after he fires : an 
observer standing at a distance of 400 yards from the target, and 650 
yards from the shooter, hears the shot strike the target 2} seconds after 
he hears the report of the rifle : find the velocity of the bullet and that 
of sound, supposing both velocities uniform. 

211. Express the oo-efficient of the tenth term of (1 +x)i as a fraction 
in its lowest term, with a power of 2 for its denominator. 

212. Given fl5+y= Jm and x-y= \/n^ express x'+j/' in tenns of w 
and n ; and show that 

16({B* - 7x*y* + y*) = (5*11 - »)(5n - ni). 

213. Solve the equations x(y+2)=14, y(«+x)=18, a(a:+y)=20. 

214« Find the number of shot in a complete pyramidal pile (L) on a 
square base, (iL) on a triangular, each side of the base in both cases con- 
taining 13baUs. 

215. Find the quotient and the remainder when 

3x* - 7ic5+8x«- 10a;+53 is divided by x+3. 

216. In how many ways can a party of 3 ladies and 3 gentlemen be . 
formed from 7 ladies and 11 gentlemen, bo that a certain couple may 
never be together in the party ? 

217. Find the (r + 1)'* term of (1 - x)~* in its simplest form. 

218. Prove that the following series are cxm/eergtinX: — 

x* ^ x^ 
(L)x- 2'.+ 3--^+ . . . ifxbe<l; 

x« x» 
and (ii.) 1 + x + io"^ jT"*" • • • whatever x may be. 
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219. Solve the equations : 

(L) \la-k-X'\' »Jh-x=^ 5/a+6; 
'a2 . 62\ 



y+-)x+afc=0. 



220. If -+^ + -7-0 and ^+-j+^=o, prove that 

(6+<;)a;+(c+a)y+(a+6)2«=0. 

22 1 . Find the factors of ah? + {wm + hiyxy + 6my* + clxz +cmyz. 

222. If a(;+^ be substituted for x in the general equation ^(a;)=0, find 
the value of h that the second term may vanish. 

223. Find the first term of the fourth order of differences of the series 
1, 8, 27, 64, 125. 

224. Find the first terms of the first three orders of differences of the 
series a, 6, c, (2, e . . . ; and show that the first term of the n*^ order 

a - n6+ — o — c - to n terms > . 

225. Ift/=ic-ie2+x^-aj*+ . . . rwerw the series ; that is, prove that 



k 
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Period I.— Medlsval Monarchy : 
A.D. 449 — Z485. 4J. 6d. 

Period II.— Personal Monarchy; 
A.D. 14BS — 1688. ss. 

Period III.— Constitutional Mon- 
archy : A.D. 1689— 1837. "js. 6d. 



Historical Biographies, 

By the Rev. M. Crbighton. 

SIMON DE MONTFORT. aj. 6d. 
THE BLACK PRINCE, a*. 6d. 
SIR WALTER RALEGH. 3*. 
DUKE OF WELLINGTON. «.6</. 
DUKE OF MARLBOROUGH. 

ofivER CROMWELL. 3*. &/. 



A Handbook in Outline 

of English History to 1881. By 
Arthur H. D. Acland and Cyril 
Ransoms, ds. 



A First History of Eng- 
land, By LouisB Crbighton. With 
lUusirations, %s, 6d. 



Army and Civil Service 

Examination Papers in A rithmetic. 
By A. Dawson Clarkb. 3^. td. 



Short Readings in Eng- 
lish Poetry. By H. A. Hbrtz. 
ar. 6d. 



Modern Geography^ for 

the Use of Schools. By the Rev. C. 

E. Moberly. 
Part I.— Northern Europe, aj. 6</. 
Part II.— Southern Europe, aj. (>d. 

A Geography for Begin- 

ners. By L. B. Lang. 
THE BRITISH EMPIRE, aj. &/. 
Part I. — The British Isles. \s. 6d, 
Part II.— The British Posses- 
sions, xs. td, 

A Practical English 

Grammar. By W. Tidmarsh. 
2X. 6d. 

A Graduated French 

Reader. By Paul Barbier. ax. 

La Fontaines Fables, 

Books I. and II. By the Rev. P. 
Bowden-Smith. ax. 

Goethe*s Faust, By e. j. 

TurneRi and E. D. A. Morshbad. 

7X. 6d. 

Lessing's Fables. By f 

Storr. ax. 6d. 

Selections from Hauffs 

stories. By W. £. Mullins and F. 
Storr. 4X. 6d, 

Also separately — 

KALIF STORK AND THE 
PHANTOM CREW. ax. 

A German Accidence, 

By J. W. J. Vbcqueray. 3X. 6d. 

German Exercises, Adapted 

to the above. By E. F. Grbn- 
FELL. Part I. ax. Part II. ax. 6rf. 
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